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Common misunderstandings
1) The KS orbitals have no physical meaning, they serve only 
to build the density.

No: the orbitals have a better shape and energy than the HF 
orbitals. They are better suited for qualitative and quantitative 
MO theory.

2) HF is the best one-electron model (lowest one-det. energy)
  HF orbitals are the best orbitals / the “real” orbitals
No: HF orbitals and density are too diffuse;
T (kin. en.) and V (el.-nucl. en.) are poor, more in error than W 



Comment: In HF the one-el. properties are OK, the error is in 
W (el.-el. energy) due to neglect of correlation���
No: errors in one-el. terms T and V are larger!���

3) There is no Koopmans’ theorem in DFT. The occupied 
orbital energies (except HOMO: εH = – I0) are meaningless.

No: there is a better-than-Koopmans relation in DFT between 
(exact Kohn-Sham) orbital energies and IPs: 
deviation for valence of ca. 0.1 eV, against HF  ca. 1.1 eV.
And theoretically justified! 

NB: LDA/GGA orbital energies are very wrong: 4 – 6 eV up
  



4) The KS HOMO-LUMO gap (in molecules) and
the KS band gap (in solids) is wrong (much too small).

No: the KS virtual orbitals have different physical meaning
       and different orbital energies than HF virtuals.
The KS gap (HOMO-LUMO orbital energy difference) is in 
molecules an excellent approximation for the first excitation 
energy.
In solids the fundamental gap (I–A) and optical gap (usually 
close to fundamental gap) are different from the KS band gap 
for a reason.
(The reason is not the derivative discontinuity. )

  



5) Charge-transfer transitions (excitation out of the HOMO of 
one molecule to the LUMO of another molecule) are not OK 
in TDDFT “because of” the derivative discontinuity

No: they are more problematic than local excitations because 
of the physical nature of the KS unoccupied orbitals

6) Computational cost of KS is same as Hartree, much lower 
than HF.
No: higher cost than HF  
(unless tricks: density fitting to scale Coulomb  part down to 
N3 scaling)
 

  



Exchange-correlation energy Wxc
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  Wxc and Kohn-Sham  Exc 
The Kohn-Sham Molecular Orbital model:
There is a unique local potential vs(r) (the KS pot.) such that
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Tc
! + Wxc      Exc[ρ] :  fcntl of ρ  since E[ρ] is. 



vs = vnuc + vCoul + vxc  

→ vxc
hole(r)

→ vc,kin(r)
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vxc(r) =
δExc
δρ(r)

        Not very transparent!  Therefore use:
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Fermi hole +  Coulomb hole =   total hole

RH-H = 5.0 bohr
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RH-H = 1.4 bohr
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 Holes in H2

NB. vxc = vc,kin + vxc
hole + vresp 
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Hartree-Fock errors for bond energies ���
(kcal/mol)

HF Obs.
Error

(% of Obs.)
N2 115.2 228.6 – 49.6%

F2 –37.1 38.5 – 196.4%

H2O 155.5 232.2 – 33.0%

O2 33.1 120.5 – 72.5%



Fermi hole +  Coulomb hole =   total hole

RH-H = 5.0 bohr

e
× × ×

× × ×

RH-H = 1.4 bohr
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 Holes in H2

NB. vxc = vc,kin + vxc
hole + vresp 
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Slater: uniform
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E versus R curves (restricted HF/KS) ���
for dissociating H2

Error
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The anomalous F2 case: ���
RHF energy above two F atoms! Why?���

Because of long distance RHF error.

Energy of 
2 F atoms
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Exchange-only (i.e. Hartree-Fock model) yields 98-99% of
total energy, so good zero-order model.
(“Unfortunately bond energies are of the order of 1-2% so
 correlation is essential for quantum chemistry”)

A WRONG PERSPECTIVE!  

Hartree-Fock (and EXX) relatively OK 
for some systems: electron gas, atoms -> molecules total energy

Hartree-Fock (and EXX) are lousy zero-order 
approximation for electron-pair bonding (= chemistry).

LDA and GGA work with localized holes,
 that is why they easily do  better than HF; but not accurate
 and not along complete dissociation coordinate!



Hartree-Fock densities are often 
poor due to bad HF potential: H2

H2 (R=Re) –1.1 eV +1.3 –0.5 –1.9

H2 (R=5.0 bohr) –3.9 +8.9 –8.5 –4.4

H2 (R=10.0 bohr) –6.3 +7.9 –8.6 –5.6
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Hartree-Fock densities are often poor 
due to bad potential: He, H2O, Ne, N2

He –1.1 eV
   

+1.1 –0.1 –2.1

H2O –7.0 +6.5 +1.0 –14.5

Ne –8.9 +8.3 +1.4 –18.5

N2 –11.0 +13.7 –13.8 –11.0

€ 

Etotal
corr

€ 

Wel−el
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Vel−nuc
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Tkin
corr



Exact Kohn-Sham orbitals and energies
There is only one KS potential that generates the exact densities (HK): 
KS orbitals and orbital energies are uniquely defined!
Given exact ρ(r), how to find vs?
Ψ2 Ĥ1 Ψ2 > Ψ1 Ĥ1 Ψ1 = E1

T2 +W2 + ρ2v1 dr∫ > T1 +W1 + ρ1v1 dr∫
and

Ψ1 Ĥ2 Ψ1 > Ψ2 Ĥ2 Ψ2 = E2

T1 +W1 + ρ1v2 dr∫ > T2 +W2 + ρ2v2 dr∫
sum up

ρ2v1 dr∫ + ρ1v2 dr∫ > ρ1v1 dr∫ + ρ2v2 dr∫
or

(ρ2 − ρ1)(v2 − v1)dr∫ < 0,  i.e. ∆ ρ∆ vdr∫ < 0



If	  in	  a	  small	  region	  the	  poten1al	  is	  decreased,	  ∆v	  <	  0,	  
then	  ρ	  must	  change	  (cf.	  HK!),	  	  
and	  ∆ρ	  must	  be	  posi1ve	  over	  that	  region,	  	  and	  v.v.	  (van	  Leeuwen-‐Baerends,	  PRA	  1994)	  
	  
Apply	  to	  the	  KS	  poten1al	  vs:	  by	  locally	  adjus1ng	  vs	  the	  density	  can	  be	  	  
made	  to	  approach	  the	  exact	  (correlated)	  density	  from	  e.g.	  CI	  arbitrarily	  
	  closely	  →	  	  generates	  the	  exact	  KS	  poten1al	  

(ρ2 − ρ1)(v2 − v1)dr∫ < 0,  i.e. ∆ ρ∆ vdr∫ < 0

Calculate	  H	  atom	  in	  Gaussian	  basis:	  
small	  devia1ons	  from	  exact	  density.	  
	  
Generate	  poten1al	  that	  produces	  	  
exactly	  that	  Gaussian	  density:	  small	  
devia1ons	  from	  –1/r,	  	  
when	  ∆ρ	  posi1ve	  ∆v	  nega1ve,	  
and	  vice	  versa.	  
	  
Schipper,	  Gritsenko,	  Baerends,	  
Theor.	  Chem.	  Acc.	  98	  (1997)	  16	  	  

=	  ∆ρ	  in	  %	  

∆v	   H	  atom	  



KS and HF energies of N2       De=0.37 a.u.
R (bohr) 2.074 3.0 3.5
Ts 109.070 108.095 108.223
Ts–THF= 0.296 0.692 0.903
T–Ts = 0.329 0.328 0.313
T–THF = 0.625 1.020 1.216

Vel-nuc(exact=KS) –303.628 –288.260 –283.780
–0.558 –1.330 –1.759

WCoul(exact) 75.068 67.858 65.666
0.274 0.716 0.980
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Gritsenko, Schipper, Baerends, J. Chem. Phys. 107 (1997) 5007
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KS and HF energies of N2       De=0.37 a.u.
R (bohr) 2.074 3.0 3.5
WX (KS orbitals) –13.114  –12.621 –12.490
WX – WX

HF= 0.006 –0.040 –0.067
–0.804 –0.969 –1.063

–0.810 –1.009 –1.124

Ec(KS) –0.475 –0.641 –0.750
Ec(HF) –0.469 –0.603 –0.687
Ec(KS) – Ec(HF) –0.006 –0.0038 –0.063

Gritsenko, Schipper, Baerends, J. Chem. Phys. 107 (1997) 5007
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Definition of correlation energy
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HF
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DFT
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- ΨHF better total energy (marginally)
Ec ≤ Ec

HF

Ψs better for:
Vel-nuc
WCoul
Ts : (much) smaller correl. error

HF "distorts" density (more diffuse) if:
gain by lowering THF is larger 

(even if barely) than
loss by less stable V 

no correlation error

Conclusion HF versus KS det.



Hartree-Fock:  good for atoms, ���
                         not for molecules (bonds)

In an electron pair bond:
a)  HF orbitals will be too diffuse (density too diffuse)
→ kinetic energy too low
→ electron-nuclear energy too high (not negative enough)

b) this is worse in case of multiple bonds

c) common statement
“one-particle properties (also the electron density!) are good in the 
Hartree-Fock model, it is the el.-el. interaction that is wrong,
because of lack of electron correlation
(electrons do not avoid each other sufficiently, cf. the presence of ionic
configurations in the H2 wavefunction)”

IS WRONG



What is the meaning of KS orbital 
energies?���

 Prevailing view, see e.g. 

 R.G. Parr, W. Yang, 
 DFT of Atoms and Molecules, 1989:

"..one should expect no simple physical meaning 
     for the KS orbital energies. There is none."



KS and HF orbital energies and VIPs for H 2O

H2O MO HF
–εk

KS
–εk

Expt. 
Ik

Ik +εk

1b1 13.76 12.63 12.62 –0.01
3a1 15.77 14.78 14.74 –0.04
1b2 19.29 18.46 18.55 0.09

Average
Dev.

0.97 0.05

2a1 36.48 30.89 32.2 1.31 4.27
1a1 559.37 516.96 539.90 22.94 22.46

Average 
Dev.

11.88 12.13

€ 

εN −εk

Chong, Braïda,Gritsenko, 
Baerends, JCP 2002-2004



HCl: KS, BP and HF orbital energies and VIPs

HCl M
O 

HF
–εi

GGA-BP
–εi

KS
–εi

Expt.
Ii

2π 12.97 8.13 (+4.64=12.77) 12.77 12.77
5σ 17.04 11.90     (16.53) 16.53 16.6
4σ 30.41 21.22     (25.86) 25.82 25.8

AAD(val) 1.75 4.68        (0.04) 0.03

1π 218.77 190.98 (195.62) 199.59

3σ 218.84 191.27 (195.91) 199.79

2σ 287.75 250.44 (255.08) 259.80



vxc
hole in  KS pot.: consequences

1)  Good shape of occupied orbitals and density, good orbital energies

2)  Good shapes and energies of virtual orbitals.
     Consequences for excitation energies etc. (TDDFT):
     excitations from occupied orbitals ϕi (i,j,k,.. for occ. orbitals) to
     unoccupied orbitals  to ϕa (a,b,c,d.. for unocc. (virtual) orbitals)

What are virtuals like in DFT?  And in Hartree-Fock?

Big difference between HF and KS virtuals: 
necessary to understand the difference to understand
-  why TDDFT works so well (in general for molecules);
-  why there is a problem with charge-transfer transitions
-  the “bandgap problem” in solids  



HF, DFA and exact KS HOMO  orbital energies
HF LDA BLYP KS = –I

H2 –16.18 –10.26 –10.39 –16.44
H2O –13.88 –7.40 –7.21 –12.62
HF –17.69 –9.82 –9.64 –16.19
N2 –16.71 –11.89 –11.49 –16.68
CO –15.1 –9.11 –9.00 –14.01
HCN –13.50 –9.23 –8.87 –13.61
FCN –13.65 –8.97 –8.62 –13.67
HCl –12.98 –8.15 –7.91 –12.77

KS HOMO is equal to – I;
HF HOMO is appr. equal to – I (frozen orbital approx.)
LDA, GGA orbital energies are upshifted by ca. 4.5 eV
(uniformly: occup. and unoccup valence orbitals) 



HF, DFA and exact KS LUMO  orbital energies

HF LDA BLYP KS
H2 +1.42 +0.31 +0.12 –3.93
H2O +0.80 –0.92 –1.06 –5.11
HF +0.81 –0.93 –1.13 –5.71
N2 +3.91 –2.21 –1.91 –6.77
CO +1.88 –2.24 –1.94 –6.56
HCN +1.93 –1.33 –1.07 –5.53
FCN +1.16 –1.66 –1.59 –6.01
HCl +0.79 –1.11 –1.15 –5.36

KS LUMO is at negative energy: a bound one-electron state in the KS 
potential.
HF LUMO is most of the time unbound (positive orbital energy)
LDA,GGA LUMO: still negative -> therefore bound state



H2

 

0.0 2.2 4.4 6.6

NO ≈ KS σ* density

HF σ* density

HF virtual orbitals are at 
(much) higher energy
and (way) more diffuse
 than KS virtual orbitals

Meaning of unoccupied orbital energies εa, εb, ….

HF: unocc. orbital represents added electron
       → εa

HF is affinity level; εa
HF– εi

HF
  is NOT excitation energy

KS: unocc. orbital represents excited electron
           → εa

KS– εi
KS IS good appr. to excitation energy 



KS HOMO-LUMO  gaps ∆ are excellent ���
approx. to excitation energies

∆HF ∆LDA ∆BLYP ∆KS Expt.  excit.  energy
  singlet       triplet

H2 17.6 10.6 10.5 12.5 12.7 11.7
H2O 14.7 6.5 6.2 7.5 7.65      7.5
HF 18.5 8.9 8.5 10.5 10.3 9.9
N2 19.9 9.7 9.6 9.9 9.3-10.3 7.8-8.9
CO 17.0 6.9 7.1 7.5 8.5 6.3
HCN 15.4 7.9 7.8 8.0 8.8 6.2
FCN 14.8 7.3 7.0 7.6 8.4 7.8
HCl 13.8 7.0 6.8 7.4 7.8 7.4

1)  The LDA, GGA gaps are similar (slightly smaller) than KS gaps
-> the upshift is similar for HOMO and (a bit smaller for) LUMO
2) HF gaps are much larger: they are Koopmans’ approx.   IP – EA



Orbital 
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What is the meaning of a LUMO 
with positive orbital energy?

resonances 
at specific E



What is the meaning of HF LUMO with positive 
energy?

Note: positive one-electron states in a potential (zero at infinity):
-  there is a continuum of positive states;
-  most have plane-wave behavior with only a few orthogonality wiggles 
 over the molecular region;
-  at specific energy (small energy ranges) the one-electron states have 
 large amplitude in the molecular region (small plane-wave like outside)
->  “scattering resonances” with resonance energies corresponding to 
potential electron capture to form a temporary negative ion, which will
decay after some time to molecule + free electron. 

Since energy at scattering resonance is positive, 
i.e. higher than free molecule and electron:  negative electron affinity!

If there are no negative energy unoccupied orbitals (bound states) for the 
HF operator (frequently!), what is the meaning of the pos. energy orbitals?   
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Electron affinity (in eV)
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Calculated LUMO 
energies vs  EA for 
113 molecules. 
EA from CCSD(T),
basis: ���
6-311++G(3df,3dp)���

(Kar, Song, Hirao, 
JCC 2013)
Almost all HF
εLUMO  positive!
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Positive HF εLUMO!

CCSD(T)  negative EAs:
basis: 6-311++G(3df,3dp)



Orbital energies (eV) of the positive energy 
HF LUMO of H2 as function of the basis ���

(STOs)

SZ DZ DZP TZP TZ2P QZ4P ETQZ3P
2D

1σu 18.12 5.52 5.11 3.39 3.45 2.67 1.18

1σg –15.88 –16.26 –16.20 –16.21 –16.20 –16.18 –16.18

gap 34.00 21.77 21.31 19.59 19.66 18.85 17.36



Orbital energies (eV) of the positive energy 
HF LUMO of H2 as function of the basis ���

(Gaussians)
cc-

pVDZ
cc-

pVQZ
cc-

pV5Z
aug-cc-
pVDZ

aug-cc-
pVTZ

aug-cc-
pVQZ

aug-cc-
pV5Z

1σu 5.372 3.91 3.14 1.67 1.42 1.28 1.14

1σg –16.11 –16.18 –16.18 –16.12 –16.18 –16.18 –16.18

gap 21.48 20.66 19.33 17.80 17.60 17.46 17.32

Orbital energies of LUMO are arbitrary; completely determined by the 
basis set.
Go to zero for complete basis. 
What about shape? Should go to infinitely extended. 



Shape of the  1σu  LUMO density of H2 ���
as a function of basis set:



Practical ways to get scattering resonances 
(negative EAs) with basis set calculations

Stabilization method (H. S. Taylor et al.), also called SKT (stabilization 
Koopmans’ method):
Systematically scan through the spectrum of positive energies by scaling 
the coefficients of all diffuse basis functions to very low value (diffuse).
Then orbital energies go down in energy as function of scaling parameter 
α.
Detect resonance energies by inspecting the orbitals; when getting high 
amplitude in molecular region, you are at resonance energy.

Or by looking at curves of orbital energy as function of α: resonance 
energies show up as “avoided crossing”.

See K. Jordan et al. (JPC-A 104 (2000) 9605)  and Cheng et al. (JPC-A 
116 (2012) 12364) 



Orbital energies and excitation energy calculations (TDDFT)

TDDFT: ε2 + 2 εK ε( )Fq =ωq
2Fq

ε2( )ia, jb
= δijδab(εa −εi )

2

K  is "coupling matrix", see later

Suppose i→ a does not couple to other j→ b
(single pole approximation, SPA), q ≅ i→ a

(εa −εi )
2 + 2(εa −εi ) ϕi(r)ϕa(r) fxc(r,r$)ϕi(r$)ϕa(r$)∫ drdr$&

'
(
)Fq =ω

2Fq

⇒ω ≈ (εa −εi )+ ϕiϕa fxc ϕiϕa
small

  

(εa −εi ) ≈  excitation energy (in molecules!)



KS HOMO-LUMO  gaps ∆ are excellent ���
approx. to excitation energies

∆HF ∆LDA ∆BLYP ∆KS Expt.  excit.  energy
  singlet       triplet

H2 17.6 10.6 10.5 12.5 12.7 11.7
H2O 14.7 6.5 6.2 7.5 7.65      7.5
HF 18.5 8.9 8.5 10.5 10.3 9.9
N2 19.9 9.7 9.6 9.9 9.3-10.3 7.8-8.9
CO 17.0 6.9 7.1 7.5 8.5 6.3
HCN 15.4 7.9 7.8 8.0 8.8 6.2
FCN 14.8 7.3 7.0 7.6 8.4 7.8
HCl 13.8 7.0 6.8 7.4 7.8 7.4

1)  The LDA, GGA gaps are similar (slightly smaller) than KS gaps
-> the upshift is similar for HOMO and (a bit smaller for) LUMO
2) HF gaps are much larger: they are Koopmans’ approx.   IP – EA
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Rydbergs
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orbitals

LDA/GGA potntl:
strongly upshifted 
valence orbs 
(occup. and virt.);
weakly upshifted
fewer Rydbergs
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proper ���
KS pot.���
important���
for virtual ���
orbital ���
spectrum!
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Funct. State Weight εi εa ∆εia ω ω – ∆εia ω – Eexp

SAOP 1A2 1.00 –10.25 –5.92 4.33 4.59 0.26 0.16
(“exact” 1B2 1.00 –10.25 –4.18 6.07 6.09 0.02 -0.27

KS) 2A2 0.84 –10.25 –2.72 7.53 7.52 0.00 0.16
2A1 0.97 –10.25 –3.09 7.16 7.21 0.05 -0.20
2B2 0.97 –10.25 –2.63 7.62 7.64 0.02 0.15
3A1 0.97 –10.25 –2.04 8.21 8.20 0.00 0.40
3B2 0.97 –10.25 –2.51 7.74 7.74 0.00 -0.35
1B1 0.95 –10.25 –1.83 8.42 8.43 0.01 0.26

BP86 1A2 1.00 –5.71 –1.70 4.01 4.27 0.26 -0.16
1B2 1.00 –5.71 –0.61 5.10 5.10 0.00 -1.26
2A2 1.00 –5.71 –0.11 5.60 5.59 0.00 -1.77
2A1 1.00 –5.71 –0.13 5.58 5.58 0.00 -1.83

JCTC 10 2B2 1.00 –5.71 –0.07 5.64 5.64 - 0.01 -1.85
4432 3A1 0.98 –5.71 +0.36 6.07 6.06 - 0.01 -1.74

(2014) 3B2 1.00 –5.71 +0.05 5.76 5.75 0.00 -2.34
1B1 1.00 –5.71 +0.31 6.02 6.01 -0.01 -2.16

Acetone: orbital energy differences and excitation energies (eV) 



Acetone: orbital energy differences and excitation energies (eV)
Funct. State Weight εi εa ∆εia ω ω – ∆εia ω – Eexp

HF 1A2 0.47 –11.23 +3.96 15.18 5.03 -10.15 0.60
1B2 0.36 –11.23 +0.62 11.85 8.24 -3.61 1.88
2A2 0.43 –11.23 +1.02 12.25 9.02 -3.23 1.66
2A1 0.20 –11.23 +0.96 12.19 9.07 -3.12 1.66
2B2 0.31 –11.23 +1.20 12.43 9.13 -3.30 1.64
3A1 0.21 –13.20 +3.96 17.15 9.41 -7.74 1.61
3B2 0.23 –11.23 +1.74 12.96 9.59 -3.37 1.50
1B1 0.29 –15.23 +3.96 19.18 9.66 -9.52 1.49

M06-2X 1A2 0.52 –8.85 +0.78 9.63 4.03 -5.60 -0.40
1B2 0.73 –8.85 –0.34 8.51 6.54 -1.97 0.18
2A2 0.62 –8.85 +0.04 8.88 7.33 -1.55 -0.03
2A1 0.62 –8.85 +0.03 8.87 7.38 -1.49 -0.03

JCTC 10 2B2 0.45 –8.85 +0.15 9.00 7.40 - 1.60 -0.09
4432 3A1 0.79 –8.85 +0.74 9.58 8.03 - 1.55 0.23

(2014) 3B2 0.42 –8.85 +0.64 9.49 7.80 -1.69 -0.29
1B1 0.92 –8.85 +0.73 9.58 8.12 -1.45 -0.05



occupied orbital energies
LDA/GGA: typically 4 – 6 eV too high
 (HF typically 1 eV too low)
(an error of 100 – 140 kcal/mol, totally unacceptable
 in the total energy!)

Why?
- Not because of wrong asymptotics of potentials
- Not because of self-interaction error
But because LDA/GGA potentials are strongly    
upshifted in the bulk molecular region
 



Exact and LDA KS potentials
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TABLE II. Exact density-functional and local-density results for the He isoelectronic series. The HF orbital eigenvalue and ex-
change energy ( U„) are also given. e&, is the eigenvalue of the occupied DF or HF orbital. Energies in eV. Values in parentheses are
results for an "atom" enclosed in a sphere of radius of 31.5 a.u.

Atom Exact LD HF Exact LD' Exact
—E„,

LDb Exact
Txc

LD
H
He
Li+
Be'+

0.76
24.59
75.65
153.9

(0)
15.52
59.60
130.8

1.26
24.98
75.99
154.2

9.69
27.48
44.58
61.62

(7.24)
17.77
27.82
37.78

11.51
29.03
46.11
63.15

10.63
26.49
41.65
56.65

10.76
27.91
44.95
61.96

0.8
1.0
1.1
1.1

(1.0)
1.8
2.4
2.7

'Evaluated using the exact density and the true DF orbital.
"Evaluated using the LD density.

0- exact values of the density functionals E„, and T„, and
compare with their local-density counterparts

-0.5-
E„, [n]= f drp(r)e„, (n+(r), n (r)),
T„, [n]= f dr p(r)t„,(n+(r), n (r)) .

(16)

(17)
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
Comparing with the exact results of the usual DF theory
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(solid curve) and its local-density counterpart (dashed) for the
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(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
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Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
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(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
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(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
Comparing with the exact results of the usual DF theory
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
Comparing with the exact results of the usual DF theory
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TABLE II. Exact density-functional and local-density results for the He isoelectronic series. The HF orbital eigenvalue and ex-
change energy ( U„) are also given. e&, is the eigenvalue of the occupied DF or HF orbital. Energies in eV. Values in parentheses are
results for an "atom" enclosed in a sphere of radius of 31.5 a.u.

Atom Exact LD HF Exact LD' Exact
—E„,

LDb Exact
Txc

LD
H
He
Li+
Be'+

0.76
24.59
75.65
153.9

(0)
15.52
59.60
130.8

1.26
24.98
75.99
154.2

9.69
27.48
44.58
61.62

(7.24)
17.77
27.82
37.78

11.51
29.03
46.11
63.15

10.63
26.49
41.65
56.65

10.76
27.91
44.95
61.96

0.8
1.0
1.1
1.1

(1.0)
1.8
2.4
2.7

'Evaluated using the exact density and the true DF orbital.
"Evaluated using the LD density.

0- exact values of the density functionals E„, and T„, and
compare with their local-density counterparts

-0.5-
E„, [n]= f drp(r)e„, (n+(r), n (r)),
T„, [n]= f dr p(r)t„,(n+(r), n (r)) .

(16)

(17)

-2-
-3-

3

-2-

2
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
Comparing with the exact results of the usual DF theory
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TABLE II. Exact density-functional and local-density results for the He isoelectronic series. The HF orbital eigenvalue and ex-
change energy ( U„) are also given. e&, is the eigenvalue of the occupied DF or HF orbital. Energies in eV. Values in parentheses are
results for an "atom" enclosed in a sphere of radius of 31.5 a.u.

Atom Exact LD HF Exact LD' Exact
—E„,

LDb Exact
Txc

LD
H
He
Li+
Be'+

0.76
24.59
75.65
153.9
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15.52
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compare with their local-density counterparts
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FIG. 1. Exchange-correlation ground-state potential u„,(r)
(solid curve) and its local-density counterpart (dashed) for the
He isoelectronic series. Radial density (dotted) is also shown.
The lengths are given in units of the atomic radius
(r) = f dr rp(r)/ f dr p(r) (2.71, 0.929, 0.573, and 0.414
a.u. for H, He, Li+, and Be +, respectively), and the energies
are given in atomic (Hartree) units.

Here and in what follows, our LD estimates are based on
electron-gas data by Ceperley and by Ceperley and Ald-
er. [In Eq. (17), r„,=3p„, 4e„, i—s the exchange-
correlation kinetic energy of the homogeneous electron
gas. ] E„, is approximated surprisingly well by the LD
scheme even for this extreme case (typically within 10%),
as pointed out earlier by Gunnarsson et al. The LD ap-
proximation to T„, is not zero as it should be, but is quite
small. For the exchange-correlation potential, on the oth-
er hand, we find, following Williams and von Barth, that
the LD scheme is very inaccurate. Thus the expectation
value (v„,) is almost a factor of 2 too small for the entire
series in Table I. The error in U„, gives a corresponding
large error in the eigenvalue. However, the LD error in
U„, is rather constant in regions with an appreciable elec-
tron density (see, e.g., Ref. 2S) and will therefore not give
rise to large errors in the LD density profile.
In Table II we give the corresponding results for the He

isoelectronic series. (For the H ion which is unstable in
the LD approximation we give LD results for an
"atom" enclosed in a sphere of radius 31.S a.u. For de-
tails see Ref. 11.) Again we find that in LD theory
E„,[n] is given rather accurately (typically within 10%),
while the LD error in v„, ranges from 25% for H to
about 40% for Be +. We notice that the LD approxima-
tion works better for valence-electron levels (H ls) than
for core-electron levels (Be + ls). As a result of the LD
error in U„ there is a substantial error in the LD eigen-
values. The kinetic exchange-correlation energy T„,
comes out about a factor of 2 too large in the LD approxi-
mation but is small in absolute magnitude. The reason
why T„ is overestimated by this amount is probably due
to the fact that in the LD approximation only correlation
contributes to T„, and that for atoms the LD approxima-
tion overestimates the correlation energy by about a factor
of 2.
Table II also gives the HF exchange energy and eigen-

value, which for two-electron systems equal the corre-
sponding quantities in the DF theory for exchange effects.
Comparing with the exact results of the usual DF theory

Almbladh and Pedroza, PRB 1985
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In the local-density approximation we use for the correla-
tion potential the Vosko-Wilk-Nusair parametrization of
the electron-gas data [33]. For the open shell atoms dis-
cussed in this article we performed spherically averaged
spin polarized calculations. The exact exchange-
correlation potentials are displayed in Figs. 1(a) and 2(a}
for Be and Ne, respectively, and r times these potentials
in Figs. 1(c) and 2(c). Both potentials have the same
structure, a characteristic peak between the atomic shells
(in our case between the K and the 1. shell) and a
Coulombic asymptotic behavior. These features are most
clearly displayed in the plots of rV. The appearance of
the intershell peak has been observed before [19,27] and
can be understood from the work of Buijse, Baerends,
and Snijders [34]. In Ref. [34] it has been observed that
an important contribution to the Kohn-Sham potential is
the so-called kinetic potential Vk;„de6ned in terms of the
conditional amplitude 4:

Atom HF LDA NL(BP) Model Expt.

H
He
Be
Ne
Ar
Kr
Xe

0.500
0.918
0.309
0.850
0.591
0.524
0.457

0.234
0.571
0.206
0.490
0.381
0.346
0.310

0.280
0.585
0.209
0.496
0.380
0.344
0.308

0.440
0.851
0.321
0.788
0.577
0.529
0.474

0.500
0.903
0.343
0.792
0.579
0.517
0.446

Ion HF LDA NL(BP) Model Expt.

F
Cl
Br
I

—0.097—0.022—0.008
+0.005

—0.099—0.023—0.009
+0.004

0.128
0.140
0.140
0.139

0.125
0.133
0.124
0.112

TABLE I. Ionization energies and electron affinities from the
highest occupied Kohn-Sham orbital.

%(x„.. . , x~)
Pp(x) )/N

Vg;„(x, }=f4'( ——,'V, )4dx2 dx~

=+-,' f lV, el'dxz dxz . (49)

N2
F2
CO

0.622

0.551

Molecule HF

0.328
0.339
0.334

0.322
0.334
0.336

0.557
0.607
0.529

0.573
0.582
0.515

LDA NL(BP) Model Expt.
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FIG. l. Exchange-correlation potentials of the beryllium atom.
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The conditional amplitude 4(x . l
' d

the s
x2, . . . , x& Ix, ~ describes

t e system of X—1 electrons with positions x2, . . . , xz
posi ion x, and isw en one electron is known to be at pos t

t e amplitude connected with the condit' 1 b b'1iona pro a iity

t b t . V ~ m k
o n ing the other electrons when one electr k
o eatx. V. m~

e ec ron is nownt, . Vk;„makes a significant (positive} contribu-
tion to the effective potential v in th S h "dff e c ro inger equa-
tion for the square root of the densit t thy a ose positions
x& of the reference electron where the conditional ampli-
tude changes rapidly, so that V 4 is lar e. A d'arge. s iscussed
in e. [34], this is the case when x crosses the b d
re iong' between two atomic shells, since the exchange hole
is localized within one atomic shell if the reference posi-
tion is in that shell but "jumps" to the next shell when
the reference position crosses th b de or er (see Refs.
[35—37]). The intershell peaks of V„„which are less pro-
nounced than those in v 1,ff, also originate from relatively~ ~ ~

strong changes in the pair correlation function at shell
It is obvious from the 6gures that the

f
LDA potentials almost completely lack th'ac is important
eature of the exact potential. This ' t' 1 1is par icu ar y clear
rom the pronounced appearance of peaks in the
difference plots of ( V —V ) and ( V —Van r „VLDA ) in

also h
Figs. 1(b) and 1(d) and 2(b) and 2(d). The LDAe potential
aso has a wrong asymptotic behavior for r~~, as is

evident from the fact that rV does not t —1 b
to 0. The exact potential has a much improved asymp-
totic behavior. However, the quality of the exact poten-
tia we generate depends on the quality of the correlated
wave function and density on which it is based. The
asymptotic region is notoriously difBcult to describe ac-
curately, since wave functions are almost invariably ob-
tained from energy optimization algorithms which have a
strong bias towards improving the energetically impor-
ant inner region. In the case of neon we observe that for
arge r (r & 3 bohrs) there is a spurious minimum in the
curve for the exact V„, [Fig. 2(c)] which we ascribe to
inaccuracy of the correlated density at such large r. It is
nevertheless clear that the "exact" rV,c r „, approac es —1

much better than the LDA potential does. For Be it is
not evident that the calculated "exact" V ff„, su ers rom
poor accuracy of the asymptotic behavior of the
configuration-interaction (CI}density, but we do feel that
some suspicion is warranted concerning the (too?) slow
approach by rV„, to the limiting value of —1 [Fig. 1(c)].
This suspicion is aggravated by the strange minimum be-
tween 6 and 8 bohrs in the curve of r ( V —V ' F'
1(d).

ig.

In panels (a) and (c) of Figs. 1 and 2 we have also added
Becke's gradient-corrected exchange potential [2] and
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FIG. 2. Exchange-correlation potentials of the neon atom
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N2: XC potentials along bond axis

Properties of 
exact XC potential 
(asympt. ->0):
•  –εHOMO = IP

• Coulombic decay
-50

-40

-30

-20

-10

0
V

xc
 (e

V)

543210
z(a.u.)

LDA/BP HOMO

KS HOMO

KSLDA

BP

N                         N
–1

Grüning, Gritsenko, Baerends, JCP  2002 



Electron Gas (EG) exchange energy
EX
LDA ≡ ρ(r)εX

LDA∫ (r)dr = 1
2

ρ(r)vXhole
EG (r)∫ dr

vXhole
EG (r) = −3 3

8π
$

%
&

'

(
)

1
3
ρ(r)

1
3

Slater: square hole around position r of electron with depth –(1/2)ρ(r), 
integrating to – 1, gives practically same potential Cρ(r)1/3

Slater (band structure theorists) applied this in one-electron equations
 as exchange potential



Gaspar-Kohn-Sham (DFT):

Proper variational derivation of one-el. equations for the 
optimal orbitals yields:

→Slater’s  Xα method: use potential 

α has been determined in various ways in atoms (e.g. K. Schwarz, 1972):
 - exact exchange energy optimized;
 - Virial Theorem obeyed
 - energy equal to Hartree-Fock energy

→ α in range 0.78 (lightest elements)  – 0.71 (beyond first row) 

or in molecules (E. J. Baerends, 1973) (α = 0.70)

vX
LDA(r) = 2

3
vXhole
EG (r)

α.vXhole
EG (r)



→Slater’s  Xα method: use potential αvXhole
EG  

Actually, Slater resisted initially:
- orbital energies are “better” with full Slater (EG) exchange pot.!

J.C. Slater, Quantum Theory of Molecules and Solids,
Vol. 3 (1967): Insulators, semiconductors and metals

p. 243: Some writers have felt that on account of the importance of the 
variation principle for the toal energy, it was more important to use ...
an exchange correction determined by variation of the total energy ... 

The author does not agree with this point of view, feeling that the one-
electron energies are more important in energy-band calculations.
 
The slightly different wavefunctions which we find by use of [the full 

    ] rather than                        will only make a second order
 change in the total energy.      
vXhole
EG (r) (2 / 3)vXhole

EG (r)



Orbital energies from Slater (EG), LDA, GGA 
compared to exact KS

N2 3σg 1πu 2σu

– Ii – 15.58 – 16.83 – 18.75

εi (KS) – 15.58 – 16.84 – 18.89

εi (Slater) – 15.39 – 16.66 – 18. 62

εi(BLYP) – 10.28  – 11.49 – 13.39



Orbital energies from Slater (EG), LDA, GGA ���
compared to exact KS

H2CO 2b2 1b1 5a1 1b2 4a1

– Ii – 10.9 – 14.5 – 16.1 – 17.0 – 21.4

εi (KS) – 10.90 – 14.26 – 15.51 – 16.46 – 20.04

εi (Slater) – 10.99 – 14.56 – 15.91 – 16.82 – 20.57

εi(BLYP) – 6.22  – 9.94 – 10.93 – 12.08 – 15.59



The LDA X-response pot. is (way) too repulsive 

EX
LDA ≡ ρ(r)εX

LDA∫ (r)dr = 1
2

ρ(r)vXhole
EG (r)∫ dr

vX
LDA(r) = δEX

LDA

δρ(r)
= vXhole

EG (r)+ vXresp
LDA (r)

vX
LDA(r) = −2 3

8π
$

%
&

'

(
)

1
3
ρ(r)

1
3 = −3 3

8π
$

%
&

'

(
)

1
3
ρ(r)

1
3 +

3
8π
$

%
&

'

(
)

1
3
ρ(r)

1
3

vXhole
EG (r) +vXresp

LDA (r)
        (1 / 3) of hole pot.!
        (1 / 2) of total X pot.!



energy density for Wxc   for Tc

vs = vnuc + vCoul + vxc(r)

vxc(r) = vxc
hole(r)+ vc,kin(r)+ v

resp(r)

What is the right response potential?



energy density for Wxc   for Tc

vs = vnuc + vCoul + vxc(r)

vxc(r) = vxc
hole(r)+ vc,kin(r)+ v

resp(r)

What is the right response potential?

vresp(r) = ρ(r!)
δvc,kin(r!)
δρ(r)∫ dr!+ 1

2
ρ(r!)∫ ρ(r!!)δg(r!,r!!)

δρ(r)
dr!dr!!



exact expression for vresp:  vN–1 – vs
N–1 

vresp(1) = vN−1(1)− vs
N−1(1) =

d j (1)
2

ρ(1)j
∑ I j − I0( )−

ψ j
s(1)

2

ρ(1)j

N

∑ −ε j − I0( )

The response potential consists of contributions that have step 
like behavior when going from one shell to the next 
in an atom or molecule 

Dyson orbitals:
very similar to KS orbitals 
and HF orbitals for 
primary ion states

exact ionization energies



What is the right response potential?
Krieger-Li-Iafrate (1994) derived a good approximation to 
the OEP potential in the exact-exchange only case: 

vX
KLI (r) ≈ vXav

HF + wi
|ψi(r) |

2

ρ(r)i=1

H
∑

vXav
HF (r) = |ψi(r) |

2 vXi
HF (r)

ρ(r)i

H
∑     a.k.a.  vX

Slater (r)

Note  EX
HF =

1
2

ρ(r)vXav
HF (r)∫ dr



Approximation (GLLB) of vXresp 

Step behavior introduced with wi = f(εF – εi)

scaling density ρλ(r)  = λ3ρ(λr) yields  vx[ρλ](r) = λvx[ρ](λr)

dictates,  with εi[ρλ] = λ2εi[ρ],

 f (λ2(εF – εi)) = λf(εF – εi) so f must be prop. to square root:

f → K εF −εi

vXresp
model(r) = K[ρ] εF −εi

ψi(r)
2

ρ(r)i=1

H

∑

Exact in EG with K = 0.382



Response potential 
in Be

R. van Leeuwen, O. Gritsenko, E. J. Baerends, Z. Phys. D 33 (1995) 229 



Steps in the (exchange) pot. of Krypton come from 
response part of pot.

r (a.u.)

vx

vx
hole

vx
resp

Krypton

O. Gritsenko, R. van Leeuwen, 
E. J. Baerends
J. Chem. Phys. 101 (1994) 8955



N2 orbital energies
N2 (K=0.382)  2σg 2σu 2πu  3σg (HOMO)

vxhole,ii (LDA) – 29.47 – 24.72 – 23.51 – 24.89
vxhole,ii (B)   – 1.83   – 2.52   – 2.48   – 2.54
vxresp,ii (GLLB)    + 6.05   + 3.97   + 5.10   + 4.56
vc,ii (VWN)    – 1.91   – 1.76   – 1.75   – 1.76
vxctot,ii  – 27.16  – 25.03  – 22.63  – 24.63

hii + vH,ii   – 6.17    + 5.73  + 6.16    + 8.89

εi 
 – 33.33  – 19.30 – 16.47 – 15.74

εi (KS) – 33.67 – 18.89 – 16.84 – 15.58

Δεi 0.34 – 0.41  0.37 – 0.16



N2 orbital energies
N2 (K=0.382)  2σg 2σu 2πu 3σg(HOMO) 

vxhole,ii (LDA) – 29.47 – 24.72 – 23.51 – 24.89

vxhole,ii (B)   – 1.83   – 2.52   – 2.48   – 2.54

vxresp,ii (GLLB)    + 6.05   + 3.97   + 5.10   + 4.56

vc,ii (VWN)    – 1.91   – 1.76   – 1.75   – 1.76

vxctot,ii  – 27.16  – 25.03  – 22.63  – 24.63

hii + vH,ii   – 6.17    + 5.73  + 6.16    + 8.89

εi 
 – 33.33  – 19.30 – 16.47 – 15.74

εi (KS) – 33.67 – 18.89 – 16.84 – 15.58

Δεi 0.34 – 0.41  0.37 – 0.16

Δεi (BVWN-KS) 5.00 4.99 4.91 4.82



HCOOH orbital energies (K=0.34)
 10aʹ′ 2aʹ′ʹ′ 9aʹ′ 1aʹ′ʹ′

 
8aʹ′ 7aʹ′

vxhole,ii (LDA) –27.33 – 27.95 – 27.16 – 25.03 – 28.02 – 24.38
vxhole,ii (B)   – 2.63   – 2.63   – 2.57   – 2.55 – 2.61 – 2.32

vxresp,ii (GLLB)    + 4.86   + 5.64   + 5.74   + 5.86 + 5.69 + 5.64
vc,ii (VWN)    – 1.83   – 1.85   – 1.83   – 1.78 –1.87 – 1.78

vxctot,ii  – 26.94  – 26.81  – 25.82  – 23.50 – 26.79 – 22.83

hii + vH,ii   +15.33    +14.20  +11.59    + 8.06 +10.20 +5.68

εi 
 –11.61  – 12.61 – 14.23 – 15.44 – 16.59 – 17.15

εi (KS) – 11.51 – 12.38 – 14.48 – 15.43 – 16.64 – 17.27

Δεi – 0.10 – 0.23  0.25 – 0.01 0.05 0.12

Δεi (BVWN-
KS)

4.23 3.82 4.07 3.78 4.17 3.82



HCOOH orbital energies (K=0.34)
7aʹ′ 6aʹ′ 5aʹ′ 4aʹ′

 
vxhole,ii (LDA) – 24.38 – 24.95 – 31.36 – 29.60

vxhole,ii (B) – 2.32   – 2.24   – 2.08   – 2.05
vxresp,ii (GLLB) + 5.64   + 5.99   + 5.91   + 6.12

vc,ii (VWN) – 1.78   – 1.79   – 1.95   – 1.90
vxctot,ii – 22.83  – 23.01  – 29.48  – 27.44

hii + vH,ii + 5.68    + 2.17  – 1.11    – 5.41

εi 
– 17.15  – 20.84 – 30.95 – 32.85

εi (KS) – 17.27 – 21.17 – 30.43 – 32.94

Δεi 0.12 – 0.33  – 0.16   0.09

Δεi (BVWN-KS) 3.82 3.88 4.14 4.14
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