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Existing	approximations	(hundreds...)

they	all	use	the	same		
“ingredients”	

combined	in	many		
different	ways,	

with	parameters,	etc.

Density	functionals	polls	
Swart,	Bickelhaupt	&	Duran	

Different	structure/ingredients	
from	the	strong	coupling	limit
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Broken	symmetry	and	strong	correlation

• Broken	symmetry	solu%ons	can	mimic	strong	
correla%on	(not	always!)	

• OQen	beRer	energies,	but	wrong	characteriza%ons	
of	several	proper%es	(e.g.	magne%sm)	

• Poten%al	energy	surfaces	with	kinks/discon%nuous	

• Huge	literature:	controversial,	wrong	
interpreta%on,	etc...	

• Crucial	for:	transi%on	metals,	MoR	insulators,	bond	
breaking,	nanostructures,...
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Strong	coupling	limit	(SCE)	of	DFT

F [�] = min
���

��|T̂ + V̂ee|�⇥

Ts[�] = min
���

��|T̂ |�⇥

HK	func%onal

KS	kine%c	energy

V SCE
ee [�] = min

���
��|V̂ee|�⇥ SCE	func%onal

“strictly	correlated	electrons”

Hartree	+	xc	functional	tends	asymptotically	to	
SCE	in	the	low-density	or	strong-coupling	limit

Cotar,	Friesecke,	&	Kluppelberg,	Comm.	Pure	Appl.	Math.	66,	548	(2013)	
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Studying	and	using	the	SCE	functional

low-dimensional	physics:	
electrons,	cold	atoms..

xc	functionals:		
approximations,	scaling	
local	interpolation,	spin	

optimal	transport	theory:	
algorithms,	exact	results

time-dependent:		
adiabatic	SCE	kernel,	
quantum	transport

Lieb-Oxford	
	bound
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V SCE
ee [�] = min

���
��|V̂ee|�⇥

What	is	the	structure	of	the	SCE	func%onal?
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The	strictly-correlated	electrons	functional
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§ N classical charges, equilibrium 
positions ri

Minimize	e-e	repulsion	in	a	given	density
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The	strictly-correlated	electrons	functional
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§ Take one (e.g.  #1) as reference

r1≡r
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§ N classical charges, equilibrium 
positions ri
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Minimize	e-e	repulsion	in	a	given	density
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The	strictly-correlated	electrons	functional
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positions ri

Minimize	e-e	repulsion	in	a	given	density



Functionals	from	the	strong	coupling	limit	of	DFT														SCM	-	VU	-	April	2016

The	strictly-correlated	electrons	functional

§ Take one (e.g.  #1) as reference

§ N classical charges, equilibrium 
positions ri
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Minimize	e-e	repulsion	in	a	given	density
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The	strictly-correlated	electrons	functional

§ Take one (e.g.  #1) as reference

§ N classical charges, equilibrium 
positions ri

. e -

. e - 

. e -

. e -

. e -
r2' ≡ f2(r)

r3' ≡ f3(r)

r4' ≡ f4(r)
r5' ≡ f5(r)

r

fi (r) : co-motion functions

§ The position of the other N-1 charges      
become a function of r :  ri  ≡ fi (r) 

Minimize	e-e	repulsion	in	a	given	density
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The	strictly-correlated	electrons	functional

fi (r) : co-motion functions

§ For a given smooth density ρ(r):

Prob (       ) find electron 1  
  at position r

Prob (        ) find electron i  
 at position fi(r)

=

. e -

. e - 

. e -

. e -

. e -
r2' ≡ f2(r)

r3' ≡ f3(r)

r4' ≡ f4(r)
r5' ≡ f5(r)

r

Minimize	e-e	repulsion	in	a	given	density



Functionals	from	the	strong	coupling	limit	of	DFT														SCM	-	VU	-	April	2016

The	strictly-correlated	electrons	functional

. e -

. e -

. e -

. e -

fi (r) : co-motion functions

The total Coulomb force acting on the electron at 
position r becomes a function of only r itself

. e - 
§ For a given smooth density ρ(r):r2' ≡ f2(r)

r3' ≡ f3(r)

r4' ≡ f4(r)
r5' ≡ f5(r)

r

Minimize	e-e	repulsion	in	a	given	density
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The	strictly-correlated	electrons	functional

. e -

. e -

. e -

. e -

fi (r) : co-motion functions

The total Coulomb force acting on the electron at 
position r becomes a function of only r itself

§ A local one-body potential can be 
defined:

. e - 
§ For a given smooth density ρ(r):r2' ≡ f2(r)

r3' ≡ f3(r)

r4' ≡ f4(r)
r5' ≡ f5(r)

r

Minimize	e-e	repulsion	in	a	given	density
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SCE	functional	(“wave	function”)

	Seidl,	PRA		60,	4387	(1999)	
	Seidl,	Gori-Giorgi	and	Savin,	PRA	75,	042511	(2007)	
Malet	&	Gori-Giorgi,	PRL	109	246402	(2012)	
Malet,	Mirtschink,	Cremon,	Reimann	&	Gori-Giorgi,	PRB	87	115146	(2013)

| SCE(r1, r2, . . . , rN )|2 =
1

N !

X

P

Z
ds

⇢(s)

N
�(r1 � fP(1)(s))�(r2 � fP(2)(s))...�(rN � fP(N)(s))

V SCE
ee [�] = min

���
��|V̂ee|�⇥

the	wavefunction	collapses	to	a	3D	subspace	of	the	full	3N-dimensional	configuration	space



	Functionals	from	the	strong-coupling	limit	of	DFT																																SCM-	VU	-	April	2016

SCE	functional	and	functional	derivative	

�V SCE
ee [⇢]

�⇢(r)
= vSCE(r)

shortcut	to	the	func%onal	deriva%ve

	Seidl,	Gori-Giorgi	and	Savin,	PRA	75,	042511	(2007)	
Malet	&	Gori-Giorgi,	PRL	109	246402	(2012)	
Malet,	Mirtschink,	Cremon,	Reimann	&	Gori-Giorgi,	PRB	87	115146	(2013)

V SCE
ee [�] =

⇥
dr

�(r)
N

N�

i=1

N�

j=i+1

1
|fi(r)� fj(r)|

=
1

2

Z
⇢(r)

NX

i=2

1

|r� fi(r)|

rvSCE(r) = �
NX

i=2

r� fi(r)

|r� fi(r)|3
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SCE	functional:	rigorous	results

V SCE
ee [�] = min

���
��|V̂ee|�⇥

equivalent	to	an	optimal	transport	(or	mass	transportation	theory)	
problem	with	Coulomb	cost

-	Buttazzo,	De	Pascale,	&	Gori-Giorgi,	Phys.	Rev.	A.	85,	062502	(2012)	
-	Cotar,	Friesecke,	&	Kluppelberg,	Comm.	Pure	Appl.	Math.	66,	548	(2013)	
-	Pass,	Nonlinearity	26,	2731	(2013)	
-	Mendl	&	Lin,	Phys.	Rev.	B	87,	125106	(2013)	
-	Chen,	Friesecke,	&	Mendl,		J.	Chem.	Theory	Comput	10,	4360	(2014)	
-	Colombo,	De	Pascale,	Di	Marino,	Can.	J.	Math.	67,	350	(2015)		
-	Benamou,	Carlier,	Cuturi,	Nenna,	L.;	Peyré,	arXiv:1412.5154	
-	Benamou,	Carlier,	Nenna,	arXiv:1505.01136v2		
-	Friesecke,	Mendl,	Pass,	Cotar	&	Kluppelberg,	J.	Chem.	Phys.	139,	164109	(2013)	
-	De	Pascale,	arXiv:1503.07063	
-	Colombo	&	Stra,		arXiv:1507.08522

http://arxiv.org/abs/1503.07063
http://arxiv.org/abs/1507.08522
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1D	case	is	transparent	(and	as	cheap	as	LDA)

WriRen	on	simple	physical	considera%ons:					M.	Seidl,	PRA	60,	4387	(1999)	

Rigorous	Proof:						M.	Colombo,	L.	De	Pascale,	S.	Di	Marino,	Can.	J.	Math.	67,	350	(2015)	

KS	SCE	applied	to	1D	physics:						Malet	&	Gori-Giorgi,	PRL	109	246402	(2012);		
										Malet,	Mirtschink,	Cremon,	Reimann	&	Gori-Giorgi,	PRB	87	115146	(2013)
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Studying	and	using	the	SCE	functional

low-dimensional	physics:	
electrons,	cold	atoms..

xc	functionals:		
approximations,	scaling	
local	interpolation,	spin	

optimal	transport	theory:	
algorithms,	exact	results

time-dependent:		
adiabatic	SCE	kernel,	
quantum	transport

Lieb-Oxford	
	bound
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KS	SCE	in	1D:	2kF	-	4kF	crossover	without	magnetic	order

1D	harmonic	confinement: L:	effec%ve	length

Previous	aRempts	include	self-interac%on	correc%ons	(SIC)	and	GGA:	
S.	H.	Abedinpour,	M.	Polini,	G.	Xianlong,	and	M.	P.	Tosi,	Eur.	Phys.	J.	B	56,	127	(2007)	
D.	Vieira	and	K.	Capelle,	J.	Chem.	Theory	Comput.	6,	3319	(2010)	
D.	Vieira,	Phys.	Rev.	B	86,	075132	(2012)
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Spherically	symmetric	systems

ansatz:	1D	solution	for	the	radial	part	+	relative	angles	minimization

	Seidl,	Gori-Giorgi	and	Savin,	PRA	75,	042511	(2007)

not	always	the	lowest	solution	(it	depends	on	the	density)

Colombo	&	Stra,		arXiv:1507.08522

however,	the	1D-like	solution	is	very	close	to	the	true	minimum,	and	the	potential	
computed	from	it	is	the	functional	derivative	of	the	1D-like	SCE	functional

Seidl,	Di	Marino,	Gerolin,	Nenna,	Giesbertz	&	Gori-Giorgi,	in	preparation

rvSCE(r) = �
NX

i=2

r� fi(r)

|r� fi(r)|3
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Example:	solution	for	the	Li	atom	density
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Spherically	symmetric	systems:	applications

Example:	Electrons	confined	in	semiconductor	heterostructures	
							Self-consistent	KS	densi%es	with	the	SCE	func%onal

Mendl,	Malet	&	Gori-Giorgi,	PRB	89,	125106	(2014)
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Classically	forbidden	regions	&	strong	correlation

Mendl,	Malet	&	Gori-Giorgi,	PRB	89,	125106	(2014)
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Accuracy	of	KS	SCE	for	low-density

energy	accuracy		
of		~	1	mH*	(~4%)

QMC:	D.	Guclu	and		C.J.	Umrigar

Mendl,	Malet	&	Gori-Giorgi,	PRB	89,	125106	(2014)
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Ultracold	dipolar	quantum	gases

Bosons	and	fermions:	change	the	kine%c	energy	func%onal	
							Easy	to	treat	tunable	interac%ons	with	the	SCP	func%onal

Malet,	Mirtschink,	Mendl,	Bjerlin,	Karabulut,	Reimann	&	PG-G,	PRL	115,	033006	(2015)
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Studying	and	using	the	SCE	functional

low-dimensional	physics:	
electrons,	cold	atoms..

xc	functionals:		
approximations,	scaling	
local	interpolation,	spin	

optimal	transport	theory:	
algorithms,	exact	results

time-dependent:		
adiabatic	SCE	kernel,	
quantum	transport

Lieb-Oxford	
	bound
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Lieb-Oxford	bound

U [⇢] =
1

2

Z
d3r

Z
d3r0

⇢(r)⇢(r0)

|r� r0|

the	minimum	C3	>	0	that	makes	the	
inequality	true	for	all	wave	functions	
is	not	known

a	rigorous	upper	bound	for	C3	is	known:

C3  1.6358 Lieb	&	Oxford,	IJQC	19,	427	(1981);		Chan	&	Handy,	PRA	59,	3075	(1999)

it	was	believed	that	a	lower	bound	for	C3	was	given	by	the	total	energy	of	the	Wigner	crystal

C3 � 1.444 Lewin	&	Lieb,	PRA	91,	022507	(2015)not	rigorous!

W [ ] is bounded from below by its density ⇢ (r)

W [ ] � �C3

Z
d3r ⇢ (r)

4/3
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Lieb-Oxford	bound	in	terms	of	LDA	exchange

ELDA
x

[⇢] = �3

4

✓
3

⇡

◆1/3 Z
d3r ⇢(r)4/3

�[ ]  �̄3 �̄3 =
C3

3
4

�
3
⇡

�1/3

�̄3  2.215 Lieb	&	Oxford,	IJQC	19,	427	(1981);		Chan	&	Handy,	PRA	59,	3075	(1999)

all	possible	
wave	functions

2.215

�[ ]

 
  

 
  

 

  
        

 
 

 
 

   

 
�̄3

SCE	wave	functions	are	the	most	
challenging	for	the	bound:	very	efficient	

way	to	improve	the	lower	bound
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Lower	bounds	from	SCE

for	any	given	density,	we	use	the	wave	function	that	maximally	challenges	the	bound

we	can	also	look	at	the	bound	for	a	given	number	of	particles	N

Lieb	&	Oxford,	IJQC	19,	427	(1981)

�̄3(N) = sup
 !N

�[ ] �̄3(N)  �̄3(N + 1)

�[ ] =
W [ ]

ELDA

x

[⇢
 

]
is	a	wave	function	functional

⇤[⇢] is	a	density	functional

we	can	search	
over	density	
instead	than		
wave	functions
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The	bound	for	N	=	2

Useful	for	metaGGA	functionals	(e.g.	SCAN)

⇤[⇢]

e�r2e�r

(1 + r)�4

e�10(r�1)2

uniform	sphere

2	electrons	in	different	spherical	density	profiles:

�̄3(2) � 1.701052maximising,	we	find	the	new	lower	bound:

1.67	
previous	lower	bound	

(Lieb	&	Oxford)

a	uniform	density	profile	is	not	the	most	challenging!

Sun,	Ruzsinszky	&	Perdew,	PRL	115,	036402	(2015)

Seidl,	Vuckovic	&	Gori-Giorgi,	Mol.	Phys.,	published	online	(Savin	special	issue)
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The	bound	for	general	N

uniform	spheres

rigorous	way	to	obtain	the	indirect		
energy	of	low-density	uniform	gas

a = 1.918

highest	value	
ever	found

1.91175

rigorous	bounds

for	finite	N	a	uniform	density	
is	not	the	most	challenging!

Seidl,	Vuckovic	&	Gori-Giorgi,	Mol.	Phys.,	published	online	(Savin	special	issue)
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Studying	and	using	the	SCE	functional

low-dimensional	physics:	
electrons,	cold	atoms..

xc	functionals:		
approximations,	scaling	
local	interpolation,	spin	

optimal	transport	theory:	
algorithms,	exact	results

time-dependent:		
adiabatic	SCE	kernel,	
quantum	transport

Lieb-Oxford	
	bound
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General	3D	geometry:	algorithms	from	optimal	transport

V SCE
ee [�] = min

���
��|V̂ee|�⇥

Kantorovich	dual	formulation	(linear	programming	algorithm)

-	Buttazzo,	De	Pascale,	&	Gori-Giorgi,	Phys.	Rev.	A.	85,	062502	(2012)	
-	De	Pascale,	arXiv:1503.07063	
-	Mendl	&	Lin,	Phys.	Rev.	B	87,	125106	(2013)

Entropic	regularization	algorithm

-	Benamou,	Carlier,	Nenna,	arXiv:1505.01136v2	

http://arxiv.org/abs/1503.07063
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H2	molecule	(SCE	from	Kantorovich	formulation)

-KS	SCE	dissociates	correctly	
-horrible	at	equilibrium	and	beyond	
-higher	order	terms	improve	the	results

Vuckovic,	Wagner,	Mirtschink	&	Gori-Giorgi,	JCTC	11,	3153	(2015)

F [⇢] = Ts[⇢] + V SCE
ee [⇢] + Tc[⇢] + V d

ee[⇢] � 0

approximated

Stefan	Vuckovic
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Approximations	to	SCE

however,	local,	semi-local	will	not	capture	self-consistently	the	right	physics

The	SCE	non-locality	is	too	extreme
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A	simple	approximation	with	(some)	non	locality

Z

⌦(r)
⇢(r0)dr0 = 1 in	each	point	of	space,	define	a	radius	such	that	

the	density	integrates	to	1	(spherically)

Wagner	&	PG-G,	PRA	90,	052512	(2014)

use	it	to	approximate	the	SCE	exchange-correlation	hole:

w1(r) = �1

2

Z

⌦(r)
dr0

⇢(r0)

|r� r0|

Lucas	Wagner

see	also	recent	work	by	H.	Bahman,	M.	Ernzerhof,	J.	Precechtelova,	M.	Kaupp,...

local	interpolation	between	weak	(exchange)	and	strong	correlation
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Global	interpolations

� = ⇥

M.	Seidl,	J.P.	Perdew,	M.	Levy	PRA	59,		51	(1999)	
Seidl,	Perdew	&	Kurth,		Phys.	Rev.	Lett.	84,	5070	(2000)

not	size	consistent
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Local	interpolations	along	the	adiabatic	connection

Global	interpolations	violate	size	consistency:	turn	to	local	interpolation

Exc[�] =
�

dr �(r) �xc(r)

�xc(r) =
� 1

0
w�(r)d�

All	the	ingredients	should	be	in	the	same	“gauge”

Stefan	Vuckovic

Tom	Irons	
Andy	Teale
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The	xc	hole	potential	gauge

P�
2 (r, r�) = N(N � 1)

�

�1,...,�N

�
|��(r�1, r��2, r3�3, ..., rN�N )|2dr3....drN

h�
xc(r, r

�) =
P�

2 (r, r�)
�(r)

� �(r�) w�(r) =
1
2

�
h�

xc(r, r�)
|r� r�| dr�

w��0(r)� �x(r)

w�(|r| ! 1) ⇠ � 1

2|r|

�xc(r) =
� 1

0
w�(r)d� Exc[�] =

�
dr �(r) �xc(r)

✏
xc

(|r| ! 1) ⇠ � 1

2|r|

v
xc

(r) =
�E

xc

[⇢]

⇢(r)
⇠ � 1
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The	SCE	xc	energy	density	in	the	xc	hole	potential	gauge

P SCE
2 (r, r�) =

N�

i,j=1
i �=j

�
ds

�(s)
N

�(r� fi(s))�(r� � fj(s))

w�(r) =
1
2

N�

k=2

1
|r� fk(r)| �

1
2
vH(r)

w�(|r| ! 1) ⇠ � 1

2|r|

v
xc

(r) =
�E

xc

[⇢]

⇢(r)
⇠ � 1

|r|

xc	SCE	satisfies	both

r(vSCE
xc (r) + vH(r)) = �

NX

i=2

r� fi(r)

|r� fi(r)|3

Mirtschink,	Seidl,	PG-G,	JCTC	8,	3097	(2012)
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How	to	get	a	local	slope	(in	the	right	gauge)?

First	step:	compute	the	exact	slope	for	small	systems

A.	Teale

local	interpolation	using	exact	ingredients...

Stefan	Vuckovic
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Interpolating	locally	using	exact	ingredients

Vuckovic,	Irons,	Savin,	Teale	&	Gori-Giorgi,	JCTC	submiied

Stefan	Vuckovic

H2
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All	in	the	XC	hole	gauge!

Where?

Non-local	radius	approximation	
(NLR)	available	in	Gaussian,	
Turbomole	

We	derived	it	in	terms	of	KS	
orbitals			arxiv:	1602.05434	

Efficient	implementation	in	
Turbomole	
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The	local	slope

Courtesy	of	Andrew	Teale	and	Tom	Irons

The	accurate	and	approximate	local	slopes	(computed	with	LDA	orbitals)	for	the	
argon	atom

Courtesy	of	Andrew	Teale	and	Tom	Irons	

our	approximation
accurate	slope

Ar
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SCE	adiaba%c	kernel	for		

one-dimensional	systems

Giovanna	Lani	
Simone	Di	Marino	
Augusto	Gerolin	
Robert	van	Leeuwen

⇢(r) ! n(r) densityN.B.:

FSCE
Hxc ([n]; r, r

0) =
�2V SCE

ee [n]

�n(r)�n(r0)

Giovanna	Lani
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1D	hamiltonians

H
1D = � ~2

2m

NX

i=1

@2

@x2

i

+
NX

i=1

NX

j>i

wb(|xi � xj |) +
NX

i=1

v
ext

(xi)

 0

 2

 4
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 10

 0  0.5  1  1.5  2  2.5
x

wb(x), b=0.1
wb(x), b=0.2

1/x

we	can	analyse	the	kernel	analytically
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1D	SCE	kernel

FSCE
Hxc ([n];x, x

0) =
NX

i=2

Z 1

x

w

00(|y � f

i

([n]; y)|)
n(f

i

([n]; y))
[✓(y � x

0)� ✓(f
i

([n]; y)� x

0)] dy

example:	model	homonuclear	dissociation

R = 8 R = 12

plateau	regions	around	each	atom	of	size	⇡ R⇥R

plateau	height:

density	in	the	midbond:	
the	height	diverges	as		
R	increases
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Analysis	of	the	divergence

(✏u � ✏g)

Z
dx

Z
dx

0
�g(x)�u(x)FSCE

Hxc ([n];x, x
0)�g(x

0)�u(x
0)

| {z }
this	matrix	element	must	diverge	as	R	gets	larger

the	divergence	appears	in	the	atomic	regions,	due	to	the	presence	of	another	
distant	atom	(highly	non-local	dependence	on	the	density)

excitation	to	the	lowest	singlet	state	in	H2
1⌃g ! 1⌃u

Gritsenko,	van	Gisbergen,	Gorling	&	Baerends,	J.	Chem.	Phys.,	113,	8478		(2000)	
Giesbertz	&	Baerends	Chem.	Phys.	Lett.,	461,	338	(2008)

goes	to	zero	
as	R	gets	larger
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the	divergence	appears	in	the	atomic	regions,	due	to	the	presence	of	another	
distant	atom	(highly	non-local	dependence	on	the	density)

Analysis	of	the	divergence

x

x

0

Lani,	Di	Marino,	Gerolin,	van	Leeuwen	&	Gori-Giorgi,	PCCP,	published	online	(Baerends	special	issue)

A B

n(0)

�R

2
�R

2
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Challenges/Perspectives

-	SCE	limit	“too	far”:	kinetic	correlation	needed	

-	inclusion	of	spin:	a	natural	framework	to	import	lattice	results	
		to	the	continuum

-	local	interpolations	along	the	adiabatic	connection

-	insight	to	construct	new	xc	kernel	for	TD	DFT

Klaas	Giesbertz

Juri	Grossi

Stefan	Vuckovic

Sara	Giarrusso

Derk	Kooi
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