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Abstract

In this thesis, we devise a series of minimization based methods to reduce
the numbers of iterations needed to achieve convergence in SFC calculations.
These methods are based on building linear combinations of Fock and Den-
sity matrices from previous iterations. Our techniques help to converge some
systems for which established methods like DIIS and ADIIS fail. We also
propose a scheme that combines our methods with DIIS. For some systems,
this scheme reduces the number of iterations needed to reach convergence
by more than 90%. We also propose a method for assigning partial atomic
charges in molecules. This method requires the division of the covalent part
of the molecular density in partitions that take into account the ionic den-
sities, the atomic number and the number of core/valence electrons in each
atom. For small basis sets, our method provides atomic charges that are
very similar in quality to those of natural population analysis, but with a
lesser computational cost and a much more straightforward implementation.
Finally, we collaborated with Dr. Ray Anderson in the identification of the
absolute configuration of a series of chiral organic compounds. This was
achieved by comparing the experimental electronic circular dichroism spec-
tra with a theoretical one calculated with time-dependent density functional
theory.
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Lay Summary

In the early 20th century, the development of quantum mechanics revolu-
tionized the way we see the world. In particular, there is an equation, calling
it the Schrodinger equation, that, if we solve it, we can in principle predict
any property of a molecule. However, solving this equation by hand was
impossible for all but the smallest molecules. The story has changed a bit
since the 1970s with the advent of digital computers, which now allow to
solve this equation approximately for medium sized molecules. But these
solutions are too time consuming to find, even for computers. What we did
in this thesis, is to develop mathematical methods that allows us to compute
these solutions in less time, which can open the door for the study of larger
and more complex molecules.
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Wang and Mr. Yakun Chen. The basic idea of the MESA method comes
from Dr. Wang, although many details of the implementation, including
the choice of basis set expansion length, was my own work. I implemented
fDIIS, LISTf, and LISTr on NWChem, based on the framework that Mr.
Chen built for his LISTd, LISTi and LISTb implementation. The original
implementation only worked for closed shell systems, I expanded this to in-
clude open shell systems as well. The implementation in ADF was done by
Dr. Alexei Yakovlev and his team from Scientific Computing and Model-
ing (SCM). The mathematical proof in page 50 and the analysis of linear
dependencies found in pages 50-51 are a collaborative work between myself
and Dr. Wang. All the calculations and data analysis were done by me.
In chapter 3, the original IPOD1 and IPOD2 methods were already done
by Dr. Wang and Mr. Chen prior to my arrival at the group. The Meth-
ods IPOD2b, IPOD2c and IPOD2d are my original idea, with input and
suggestions from Dr. Wang. The implementation into NWChem, and the
running of the calculations was done in collaboration between myself and
Mrs. Yiming Wang, a Master student in our group. Data analysis was done
by me. In Chapter 4, I did all the ECD calculations on my own under the
supervision of Dr. Wang, and these were compared with the experimental
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Chapter 1

Theory

1.1 The Schrödinger Equation

The theory section of this thesis mostly follows references [1–4]. All the
equations that are not referenced explicitly in one or more of those references.
From an operational point of view, one of the main purposes of quantum
chemistry is to solve the Schrödinger equation for molecules. The solution
of this equation, first published in 1926 [5], is a quantity called the wave-
function which in principle contains all the information about the system in
consideration. In modern notation, the equation reads

ih̄
∂

∂t
Ψt(s, t) = −

∑
i

h̄2

2mi
∇2
iΨt(s, t) + V (s, t)Ψt(s, t) , (1.1)

where Ψt is the many particle, time-dependent wave function, s is a vector
containing all the spacial coordinates of the particles, s = (r1, r2, ..., rN ),
mi are the particle masses, h̄ is the reduced Plank constant and V is the
potential. In a first simplification, we assume that the potential does not
depend explicitly on time (there is still an implicit dependence due to the
coordinates being a function of time). In this case, we can separate Ψ into
spacial and temporal parts: Ψt(s, t) = Ψ(s)e−iEt/h̄, where E is the energy
of the system and Ψ is the time independent wave function. This last one
obeys the time independent Schrödinger equation, given by

−
∑
i

h̄2

2mi
∇2
iΨ(s) + V (s)Ψ(s) = EΨ(s) . (1.2)

For a system of N particles in space, the wave function Ψ is a function of
3N variables. The usual interpretation of the wave function is that of a
probability density, that is,

Ψ∗(r1, r2, ..., rn)Ψ(r1, r2, ..., rn) (1.3)

represents the probability density that particle i is at position ri, particle
j is at position rj , and so on. If the particles are indistinguishable, as

1



1.1. The Schrödinger Equation

electrons are, this should be the same probability as finding particle i at
position rj and particle j at position ri. This is only possible if Ψ is either
symmetric or antisymmetric with respect to the exchange of coordinates i
and j. Turns out that electrons are a type of particle called fermions which
have an antisymmetric wave function,

Ψ(..., ri, rj , ...) = −Ψ(..., rj , ri, ...) . (1.4)

This is known as the Pauli exclusion principle [6]. We are interested in
solving Eq. (1.2) in the first part of this work. We mentioned that quantum
chemistry aims, among other things, to solve this equation for molecules.
The identity of the molecule is encapsulated in the potential V : it is this term
that contains all the interactions between the different particles (electrons
and nuclei) of the molecule. The Schrödinger equation for a molecule reads

−
∑
i

h̄2

2me
∇2
iΨ(s,R)−

∑
k

h̄2

2mk
∇2
kΨ(s,R)

−

(∑
i

∑
k

e2Zk
rik
−
∑
i<k

e2

rij
−
∑
k<l

e2ZkZl
rkl

)
Ψ(s,R) = EtotΨ(s,R) ,

(1.5)

where me is the electron mass, mk is the mass of each nucleus, Z is the
atomic number of the atom, e is the charge of a proton, rij is the distance
between particles i, j and Etot is the total (electronic plus nuclear) energy
of the molecule. The indexes i, j run over all the electrons and k, l run over
all the nuclei. R and s are vectors containing the coordinates of the nuclei
and electrons, respectively. The first term is the nuclear kinetic energy, the
second term is the electronic kinetic energy, and the third to fifth terms
are the electron-nuclei, electron-electron and nuclei-nuclei potential energy
interactions (Coulomb’s law), respectively. In general, the Schrödinger equa-
tion has a solution only for specific discrete values of the energy Etot. The
smallest of such values is called the ground state energy E0.

The next approximation consists on separating the nuclear motion from
the electron motion. This separation is based on the adiabatic theorem [7]:
A system under an infinitesimally slow time-dependent perturbation remains
at it instantaneous eigenstate for any given time. Due to their much bigger
masses, nuclei move much slower than electrons. Based on the adiabatic the-
orem, we can then consider the nuclear motion to be a slow perturbation over
the electron motion. Therefore, the electrons would be at an instantaneous
eigenstate at every moment, and we can solve the Schrödinger equation for
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1.1. The Schrödinger Equation

the electrons assuming that the nuclei are at rest. Specifically, in Eq. (1.5),
the nuclear kinetic energy terms are zero. The nuclei-nuclei Coulomb inter-
action is a constant, and therefore its effect is only to add a constant term
to the energy E. This constant can be easily calculated using the classical
Coulomb formula and added to the energy at the end, and therefore we can
ignore it during the rest of the calculation. The electron-nuclei and electron-
electron potential energy terms remain, although the electron-nuclei term is
significantly simplified since the distance rik is now only a function of the
electron coordinates. We then get the Schrödinger equation for the electrons
moving in the field produced by the fixed nuclei,

−
∑
i

h̄2

2me
∇2
iΨe(s; R)−

(∑
i

∑
k

e2Zk
rik

+
∑
i<k

e2

rij

)
Ψe(s; R) = Eel(R)Ψe(s; R) ,

(1.6)
where the wave-function Ψe is only a function of the electrons coordinates s,
although it also has a parametric dependence to the nuclear coordinates R.
Eel represents the electronic energy. Since we are interested in the electronic
energy, in future chapters I will express the electronic energy Eel simply as
E. We can now proceed to study nuclear motion. For every set of nuclear
coordinates, can solve Eq. (1.6), and get an electronic energy E as a function
of the nuclear positions. We can interpret this a potential energy surface
on which the nuclei move. This leads to the Schrödinger equation for the
nuclei motion, that is,

−
∑
k

h̄2

2mk
∇2
kΨn(R) +

(
Eel(R) +

∑
i<k

∑
k<l

e2ZkZl
rkl

)
Ψn(R) = EtotΨn(R) ,

(1.7)
where Ψn is the nuclear wave-function and En is the nuclear energy. Equa-
tions (1.6) and (1.7) together form the Born-Oppenheimer approximation
[8]. This approximation has profound conceptual importance in the field
of quantum chemistry: Without it, we would not have the concept of the
potential energy surface, and hence lack the concepts of equilibrium and
transition states geometries, as these are defined in terms of critical points
of the potential energy surface [2]. We are mostly interested in the elec-
tronic equation, Eq. (1.6), in this work, but the nuclear equation has its
applications, for example in the calculation of vibrational frequencies of the
molecule. Since we are interested in the electronic wave function, I will refer
to Ψe simply as Ψ.
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1.2. The Variational Method

Equation (1.6) has an analytical solution for a very limited number of
systems. The simplest one is the hydrogen-like atom (one electron and one
nucleus), which is covered in most elementary quantum mechanics text-
books. The only other known example is the molecular hydrogen ion (one
electron and two nuclei), whose analytical solution in terms of a generalized
Lamber W function was found in 2006 [9].

1.2 The Variational Method

To use the Schrödinger equation to analyze systems of chemical interest, we
need to find approximate solutions. While some very accurate approxima-
tions for specific molecules have been worked out, we are interested here
in general approximation techniques that can be applied for molecules of
any size. One of the most fundamental approximation methods in used in
quantum mechanics is the variational method.
Before proceeding, we will introduce a new notation to re-express equation
(1.6):

ĤΨ = EΨ, (1.8)

where Ĥ is the Hamiltonian operator defined as

Ĥ = −
∑
i

h̄2

2me
∇2
i −

(∑
i

∑
k

e2Zk
rik

+
∑
i<k

e2

rij

)
. (1.9)

To simplify the notation, we will introduce natural atomic units [10]. In this
system of units, h̄ = me = e = 1, so the Hamiltonian is expressed as

Ĥ = −
∑
i

1

2
∇2
i −

(∑
i

∑
k

Zk
rik

+
∑
i<k

1

rij

)
. (1.10)

The values of some characteristic quantities in atomic units are given in
Table 1.1.
We will also be using the normalization condition of the wave-function, which
is a consequence of the interpretation of the wave function as a probability
density, namely ∫

Ψ∗Ψds = 1 . (1.11)

Integrating Eq. (1.8) we then find an expression for the energy:
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1.3. Slater Determinants

Quantity Atomic Unit Value in SI Units

Mass Electron Mass (me) 9.1094× 10−31 Kg
Charge Proton Charge (e) 1.6022× 10−19 C
Angular Momentum Reduced Plank Constant (h̄) 1.0546× 10−34 J s
Length Bohr Radius (a0) 5.2918× 10−11 m
Energy Hartree (Eh) 4.3597× 10−18 J

Table 1.1: Common physical quantities in atomic units [1]

∫
Ψ∗ĤΨds = E . (1.12)

We can then show that if Φ is any normalizable function, then the quantity∫
Φ∗ĤΦds is greater or equal to the ground state energy E0 of the system,

where the equality is only reached when Φ = Ψ. This is the variational
principle. In general Φ does not have to be normalized, so we have to divide
by the norm

∫
Φ∗Φds. The variational principle then states that:∫

Φ∗ĤΦds∫
Φ∗Φds

≥ E0 . (1.13)

To apply the variational principle in practice, we need to build a guess
function Φ that will depend on a set of parameters {ci}, and then minimize
the left-hand side Eq. (1.13) with respect to those parameters. Because the
left-hand side is guaranteed to be larger than the ground state energy, the
minimized value will give us the best guess of the ground state energy for
the given choice of Φ.

1.3 Slater Determinants

To solve Eq. (1.6), lets start by considering the first two terms,(
−
∑
i

1

2
∇2
i −

∑
i

∑
k

Zk
rik

)
Ψ(s) = EΨ(s) . (1.14)

The term in parenthesis in Eq. (1.14) is a sum of terms depending on
the coordinates of a single electron. In this case, the solution Ψ(s) can be
expressed as the product of one electron wave functions ψi(ri), so that,

Ψ(s) =
∏
i

ψi(ri) , (1.15)
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1.3. Slater Determinants

where ψi(ri) is the solution of the one electron equation(
1

2
∇2
i −

∑
k

Zk
rik

)
ψi(ri) = Eiψi(ri) , (1.16)

and the total energy E is the sum of the one electron energies Ei

E =
∑
i

Ei . (1.17)

However, the electron-electron repulsion term in Eq. (1.6),∑
i<k

1

rij
, (1.18)

cannot be treated in the same fashion. Each term in the sum depends on
the coordinates of two electrons via the electron-electron distance rij . This
effectively couples the electronic equation, making a separable solution like
the one in Eq. (1.15) impossible.

We now make a very important approximation that is the basis of most
methods in quantum chemistry: instead of considering the instantaneous
electron-electron interaction, Eq. (1.18), we consider the electrons to move
in an effective potential veff (r), which is the result of the average motion of
the other electrons. The equation that we need to solve is then:

(
−
∑
i

1

2
∇2
i −

∑
i

∑
k

Zk
rik

+
∑
i

veff (ri)

)
Ψ(s) = EΨ(s) . (1.19)

To derive an explicit expression for veff (r), we need to consider first electron
spin. Spin is not included explicitly in the Schrödinger equation, and in non-
relativistic quantum mechanics, it has to be added as an explicit constraint
on the wave function.

Electron spin can have two different values, which are colloquially re-
ferred as spin-up and spin-down. In quantum chemistry it is convenient to
define two functions α(ω) and β(ω) for spin-up and spin-down respectively.
The variable ω has no physical interpretation and is only used to define their
integrals. These functions have the property that they are orthonormal to
each other, that is ∫

α(ω)α(ω)dω =

∫
β(ω)β(ω)dω = 1 (1.20)
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1.3. Slater Determinants

and ∫
α(ω)β(ω)dω = 0 . (1.21)

An electron is then described by a spin orbital χ(x) which is a product of
a spatial wavefunction ψ(r) and a spin function. Here, we use the notation
x = (r, ω) which contains both spatial and spin coordinates. For example,
an electron with spin-up will be represented by the spin orbital

χ(x) = ψ(r)α(ω) . (1.22)

The solution form that we suggested in Eq. (1.15) does not satisfy the Pauli
exclusion principle. We can make this function antisymmetric by writing
the linear combination

Ψ(x1,x2) =
1√
2

(χi(x1)χj(x2)− χj(x1)χi(x2)) , (1.23)

which can be rewritten as the determinant

Ψ(x1,x2) =
1√
2

∣∣∣∣χi(x1) χj(x1)
χi(x2) χj(x2)

∣∣∣∣ . (1.24)

This can be generalized to an N electron system as

Ψ(x1,x2, ...,xN ) =
1√
N !

∣∣∣∣∣∣∣∣∣
χi(x1) χj(x1) · · · χk(x1)
χi(x2) χj(x2) · · · χk(x2)

...
...

...
χi(xN ) χj(xN ) · · · χk(xN )

∣∣∣∣∣∣∣∣∣ . (1.25)

These are called Slater determinants [11], and have the required antisym-
metric property.
We now need an expression for the energy of a system expressed by a Slater
determinant. Using the Hamiltonian in Eq. 1.9, and the wave function in
Eq. (1.25), it can be shown [1] that the energy is given by

E =
∑
i

hi +
∑
i

∑
j>i

(Jij −Kij) , (1.26)

where hi is the one electron integral:

hi =

∫
χi(x1)

(
−1

2
∇2
i −

∑
k

Zk
rik

)
χi(x1)dx1 , (1.27)
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1.4. The Hartree-Fock Method

Jij is the Coulomb integral

Jij =

∫
χ∗i (x1)χ∗j (x2)

1

r12
χi(x1)χj(x2)dx1dx2 , (1.28)

and Kij is the exchange integral:

Kij =

∫
χ∗i (x1)χ∗j (x2)

1

r12
χi(x2)χj(x1)dx1dx2 . (1.29)

Equation (1.26) can be written in the more symmetrical form

E =
∑
i

hi +
1

2

∑
i

∑
j

(Jij −Kij) . (1.30)

Note that the electron self-interaction term i = j is automatically canceled
in Eq. (1.30) following the definitions of the Coulomb and exchange integral.

1.4 The Hartree-Fock Method

In the Hartree-Fock method [1, 12, 13], we will assume that the wave function
has the form of a single Slater determinant Eq. (1.25), where each of the
atomic orbitals χi is a solution of Eq. (1.19). Because veff (ri) is an effective
potential produced by the other electrons, it is itself a function of the electron
orbitals {χi}. Therefore, the solution of this equation has to be done self-
consistently: We start with a guess for the potential veff (ri), solve for the
orbitals {χi}, and then use the solution to build an improved potential
veff (ri). We repeat the process until the potential and the orbitals are
consistent with each other. We will discuss later more precisely how we
determine this.

We now sketch a derivation for an explicit expression of veff (ri). The
idea is to use the variational method, Eq. (1.13) to minimize the energy in
Eq. (1.30). We want to find the orbitals {χi} that minimize the energy,
subject to the constraint that the orbitals are orthonormal.

We need to introduce some notation first. We define the one electron
operator

ĥi = −1

2
∇2
i −

∑
k

Zk
rik

, (1.31)

so that the 1-electron integral Eq. (1.27) can be written as

hi = 〈χi|ĥi|χi〉 , (1.32)
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1.4. The Hartree-Fock Method

where we have used the standard bracket notation to denote integration.
We can similarly define the Coulomb operator based on its action on orbital
χj , that is

Ĵi(x1)χj(x2) = 〈χi(x1)|
∑
j

1

rij
|χi(x1)〉χj(x2) . (1.33)

Note that this is a simple multiplicative operator. The Coulomb integral
can be written as

Jij = 〈χj(x2)|Ĵi(x1)|χj(x2)〉 . (1.34)

We can also define the exchange operator as

K̂i(x1)χj(x2) = 〈χi(x1)|
∑
j

1

rij
|χj(x1)〉χi(x2) . (1.35)

Note that the action of this operator on orbital χj exchanges the coordinates
of orbitals χi and χj . It also puts the orbital χj inside the integral. As a
result, the result of applying Ki on χj depends on on the values of χj at
all points in space. We say that the exchange operator is non local. The
exchange integral can then be written as

Kij = 〈χj(x2)|K̂i(x1)|χj(x2)〉 . (1.36)

The energy of Eq. (1.30) can then be written as

E =
∑
i

〈χi|ĥi|χi〉+
1

2

∑
i

∑
j

(〈χi|Ĵj |χi)〉 − 〈χi|K̂j |χi〉) , (1.37)

where we have omitted the explicit coordinate dependence to simplify the
notation.
Following the variational method, we seek to minimize the energy subject
to the constraint that the orbitals are orthonormal. For this, we use the
method of Lagrange multipliers. That is, we need to minimize the quantity

L = E −
∑
ij

λij(〈χi|χj〉 − δij) , (1.38)

where λij are Lagrange multipliers. The variation of L is given by

δL =
∑
i

(〈δχi|F̂i|χi〉+ 〈χi|F̂i|δχi〉)−
∑
ij

λij(〈δχi|χj〉 − 〈χi|δχj〉) , (1.39)
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where F̂i is the Fock operator

F̂i = ĥi +
1

2

∑
j

(Ĵj − K̂j) . (1.40)

Carrying out the necessary algebra from Eq. (1.39), we arrive at the Hartree-
Fock equations for the orbitals χi, namely

F̂iχi =
∑
j

λijχj . (1.41)

It is possible to apply a unitary transformation on the orbitals so that the
Lagrange multipliers are diagonal (λij = 0 if i 6= j, and λii ≡ εi). These
orbitals are called the canonical orbitals, and for these orbitals the Hartree-
Fock equation reads

F̂iχi = εiχi . (1.42)

The εi are the expectation values of the Fock operator in the basis of
the canonical orbitals, and as such, they can be interpreted as the orbital
energies. It is important to note that the total electronic energy, Eq. (1.30)
depends only on the total molecular wavefunction, which is a Slater deter-
minant of the molecular orbitals. As a result, a unitary transformation of
the molecular orbitals leaves the total energy unchanged. While the canon-
ical orbitals are more convenient to solve the Hartree-Fock equation (since
Eq. (1.42) is more straightforward to solve than Eq. (1.41)), in order to
interpret the results of the calculation sometimes it is more convenient to
work with non-canonical orbitals that have mathematical shapes closer to
our chemical intuition (ie. they represent better concepts like orbital hy-
bridization, valence bond theory, etc.). In any case, since there are different
sets of molecular orbitals compatible with the same solution of the Hartree-
Fock equation, care must be taken when assigning physical interpretations
to the shapes of these orbitals.

Finally, we should add that the total electronic energy is not simply the
sum of the orbitals energies: That is because the εi contain information
about the Coulomb and exchange interactions between pairs of electrons,
and adding all of these energies would amount to counting these interactions
twice. Therefore, when expressing the total energy in terms of orbitals
energies, these additional interactions must be removed, giving

E =
∑
i

εi −
1

2

∑
ij

(Jij −Kij) . (1.43)
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Koopmans’ theorem [14] gives the physical interpretation of the orbital
energies εi. The energy εi is merely the magnitude of the ionization energy
of orbital χi. This theorem makes the approximation that the remainder
orbitals are unchanged when we remove an electron from orbital χi.

1.4.1 Solution of the Hartree-Fock Equation: Closed Shell
Case

We will first solve the Hartree-Fock equation assuming that each spacial
orbital is doubly occupied, by one electron with spin up and one electron
with spin down. So, for every spatial orbital ψi there are two spin orbitals:
χj(x1) = ψi(r1)α(ω1) and χk(x1) = ψi(r1)β(ω1).
The Slater determinant then has the form

Ψ =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣

ψ1(r1)α(ω1) ψ1(r1)β(ω1) ψ2(r1)α(ω1) ψ2(r1)β(ω1) · · ·
ψ1(r2)α(ω2) ψ1(r2)β(ω2) ψ2(r2)α(ω2) ψ2(r2)β(ω2) · · ·
ψ1(r3)α(ω3) ψ1(r3)β(ω3) ψ2(r3)α(ω3) ψ2(r3)β(ω3) · · ·
ψ1(r4)α(ω4) ψ1(r4)β(ω4) ψ2(r4)α(ω4) ψ2(r4)β(ω4) · · ·

...
...

...
...

. . .

∣∣∣∣∣∣∣∣∣∣∣
.

(1.44)
We now replace the spin orbital in the Hartree-Fock equation by either
ψi(r1)α(ω1) or ψi(r1)β(ω1) (both give the same results). Integrating over
the spin coordinates using Eq. (1.20), we get a HF equation for the spacial
orbitals, namely

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψi(r1) + 2

∑
j 6=i

[∫
|ψj(r2)|2 1

r12
dr2

]
ψi(r1)

−
∑
j 6=i

[∫
ψ∗j (r2)ψi(r2)

1

r12
dr2

]
ψj(r1) = εiψi(r1) ,

(1.45)

where the sum is over the N/2 occupied orbitals.
The ground state energy of the system can be written as
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E = 〈Ψ|H|Ψ〉

= 2
∑
i

∫
ψi(r1)

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψi(r1)dr1

+
∑
i,j

∫
ψ∗i (r1)ψ∗j (r2)

1

r12
ψi(r1)ψj(r2)dr1dr2

− 1

2

∑
i,j

∫
ψ∗i (r1)ψ∗j (r2)

1

r12
ψi(r2)ψj(r1)dr1dr2 .

(1.46)

1.4.2 Introduction of a Basis Set

To solve Eq. (1.45), we now expand the wave-functions ψi(r1) as a linear
combination of some known basis sets {φµ}, that is

ψi(r1) =

K∑
µ=1

Cµiφµ(r1) , (1.47)

where K is the number of basis functions used. In this thesis, we will work
with atomic centred basis sets. The functions φ are then called atomic
orbitals. We say that the molecular orbitals are a linear combination of
atomic basis orbitals (LCAO).

Because the basis set is not complete, this process involves a further
approximation. The choice of basis set has a significant influence both in
the accuracy and in the cost of the calculation. The problem of solving the
Hartree Fock equation reduces then to the problem of finding the expansion
coefficients Cµi. Putting this expansion into Eq. (1.45) gives the so-called
Roothan-Hall equations [15, 16]

FC = SCε , (1.48)

where S is the overlap matrix

Sµν =

∫
dr1φ

∗
µ(r1)φν(r1) , (1.49)

F is the Fock Matrix

Fµν =

∫
dr1φ

∗
µ(r1)F̂ φν(r1) , (1.50)
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and F̂ is the Fock operator. C is a matrix containing the expansion coeffi-
cients Cµν and ε is a diagonal matrix containing the orbital energies εi along
the diagonal.

Other useful quantities are the charge density and the density matrix.
The charge density is the probability distribution function of the electron in
space, that is, ρ(r)dr is the probability of finding an electron in the volume
dr at r. In the closed shell case, it can be expressed in terms of the one
electron orbitals as

ρ(r) = 2

N/2∑
i

|ψi(r)|2 . (1.51)

Because of the normalization of the wave function, the electron density is
normalized to the total number of electrons, namely∫

ρ(r)dr = N . (1.52)

Expanding the orbitals in term of the basis set, Eq. (1.47), the charge
density can be written as

ρ(r) =
∑
µ,ν

Dµ,νφµ(r)φν(r) , (1.53)

where Dµν are the elements of the density matrix D

Dµ,ν = 2

N/2∑
i

CµiCνi . (1.54)

In terms of the expansion orbitals, the Fock Matrix, Eq. (1.50) can be
expressed as

Fµν =

∫
dr1φ

∗
µ(r1)

[
−1

2
∇2

1

]
φ∗ν(r1)

+

∫
dr1φ

∗
µ(r1)

[
−
∑
A

ZA
|r1 −R1|

]
φ∗ν(r1)

+
∑
λ,σ

Dλσ

∫
[dr1dr2φ

∗
µ(r1)φ∗ν(r1)r−1

12 φ
∗
σ(r2)φ∗λ(r2)

− 1

2
φ∗µ(r1)φ∗λ(r1)r−1

12 φ
∗
σ(r2)φ∗ν(r2)] .

(1.55)
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Evaluating the third and fourth terms is the most expensive part of a
Hartree-Fock (and density functional theory) calculation. There are N4

such terms in the Fock matrix, so it is usually said that the cost of perform-
ing a Hartree-Fock calculation scales as the fourth power of the number of
basis functions.

To solve the Hartree Fock equation, we need to use a self-consistent field
(SCF) scheme. The procedure goes as follows:

1. For the given molecule, create an initial guess for the wave-function.
That is, give an initial guess of the expansion coefficients Cµν in Eq. (1.47)
and consequently of the density matrix D, Eq. (1.54)

2. Use the density to build the Fock matrix, Eq. (1.55). We will refer
to this Fock matrix as Fout

3. Solve the Hartree-Fock equation, Eq. (1.48), which will give us a new
set of molecular orbital coefficients C. Build a density matrix D from those
orbitals. We call this density matrix Dout

4. Check for convergence. There are several ways to do this, which
usually involve some comparison between the density matrices in steps 1
and 3. We will describe exactly our convergence criteria when we talk about
our specific implementation. If the process has converged, the calculation is
finished.

5. If the process has not converged, we need to produce a new guess
for the density matrix. We will call this Din, and repeat the process from
step one. How to build Din in a manner that minimizes the total number
of iterations is one of the primary purposes of this work.

1.4.3 Occupied and Virtual Orbitals

When we introduce a basis set φµ of size m, we can also form m linearly
independent molecular orbitals ψi using Eq. (1.47). In the closed shell case,
the absolute minimum size of this basis set has to be half of the number of
electrons N , since we need to put two electrons on each molecular orbital.
However, in practice, m is much larger than N/2. As a result, electrons will
occupy only the N/2 orbitals of lowest energy, and the all other m − N/2
orbitals will be empty. The filled orbitals are referred as occupied orbitals,
while the empty orbitals are referred as virtual orbitals. In Hartree Fock
theory, the Slater determinant, Eq. (1.25) is formed using the occupied
orbitals only.

At this point, we will say a bit more about SCF convergence. In step 3 in
the procedure above, we solve the Schrödinger equation. One way of solving
this equation is finding a set of molecular orbitals in which the Fock matrix
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is diagonal. This is why this step is referred to as the diagonalization of the
Fock matrix. In practice, most computational chemistry programs perform
this diagonalization using standard linear algebra libraries. Diagonalizing
the Fock matrix is equivalent to finding a set of molecular orbitals in which
the Fock matrix is diagonal. Since the Fock matrix itself depends on the
orbitals, this diagonalization must be carried out iteratively: at step n, we
have the Fock matrix Fn and find the molecular orbital basis in which this
matrix is diagonal. This molecular orbital basis is used to build a new Fock
matrix Fn+1. However, this new Fock matrix will in general not be diagonal.
Convergence is reached when the molecular orbitals basis that diagonalizes
the Fock matrix Fn, also diagonalize the Fock matrix Fn+1.

Finding a molecular orbital basis that diagonalizes F is equivalent to ap-
plying a rotation to the old molecular orbital basis, or, in more formal terms,
applying a similarity transformation. A similarity transformation will mix
the old molecular orbitals to form new molecular orbitals. The total energy,
Eq. (1.26), only depends on the occupied orbitals, and therefore, a similarity
transformation that only mixes the virtual orbitals among themselves will
not change the total energy. In analogy, a similarity transformation that
only mixes the occupied orbitals will not change the total energy either,
since a similarity transformation of the occupied orbitals does not change
the Slater determinant (the wave-function), and hence, does not change the
energy. Therefore, the SCF process involves the mixing of occupied and
virtual orbitals. Once all the occupied - virtual blocks of the Fock matrix
are zero, no further such mixing is possible, and hence at this point the
SCF process has converged. Note that in this case, it is not necessary for
the Fock matrix to be diagonal, there can be non-diagonal elements as long
as they are in the occupied-occupied or the virtual-virtual blocks. In the
general case, what we are obtaining here is a solution of the HF equation
in a non-canonical basis, further diagonalization of the occupied - occupied
block gives us the canonical basis.

While in practice the Fock matrix is diagonalized in full, this alternative
viewpoint in which convergence is achieved when the virtual - occupied
blocks of the Fock matrix are zero is useful when discussing SCF acceleration
methods.

1.5 Open Shell Case: Unrestricted Hartree - Fock

For molecules or ions with an odd number of electrons, we cannot pair all
electrons and therefore, we cannot use the closed shell, restricted Hartree-
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Fock that we described in the previous section. One option we have is to use
open-shell restricted Hartree Fock [17], which involves pairing all electrons
except one, which will sit by itself in an orbital. A much more popular
method is unrestricted Hartree-Fock [18], which does away with pairing
electrons altogether. We will discuss the second method in this section.
In this case, the Slater determinant (Eq. 1.25 is written as

Ψ =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

ψα1 (r1)α(ω1) ψβ1 (r1)β(ω1) ψα2 (r1)α(ω1) ψβ2 (r1)β(ω1) · · ·
ψα1 (r2)α(ω2) ψβ1 (r2)β(ω2) ψα2 (r2)α(ω2) ψβ2 (r2)β(ω2) · · ·
ψα1 (r3)α(ω3) ψβ1 (r3)β(ω3) ψα2 (r3)α(ω3) ψβ2 (r3)β(ω3) · · ·
ψα1 (r4)α(ω4) ψβ1 (r4)β(ω4) ψα2 (r4)α(ω4) ψβ2 (r4)β(ω4) · · ·

...
...

...
...

. . .

∣∣∣∣∣∣∣∣∣∣∣∣
,

(1.56)

where now ψα1 and ψβ1 are in general different functions. That is, every
spatial orbital holds only one electron, and the spatial orbitals corresponding
to α and β spins are different.
This determinant leads to a Hartree-Fock equation for the α electron of the
form:

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψαi (r1) +

∑
j 6=i

[∫
|ψαj (r2)|2 1

r12
dr2

]
ψαi (r1)

+
∑
j

[∫
|ψβj (r2)|2 1

r12
dr2

]
ψαi (r1)−

∑
j 6=i

[∫
ψα∗j (r2)ψαi (r2)

1

r12
dr2

]
ψαj (r1)

= εiψ
α
i (r1) .

(1.57)

Note that α electrons have exchange interactions only with other α elec-
trons, and a Coulomb interaction with both α and β electrons. There is an
equivalent equation for β electrons. These two electrons are coupled and
must be solved simultaneously.
The total electronic energy is
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E =
∑
i

∫
ψαi (r1)

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψαi (r1)dr1

+
∑
i

∫
ψβi (r1)

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψβi (r1)dr1

+
1

2

∑
i,j

∫
ψα∗i (r1)ψα∗j (r2)

1

r12
ψαi (r1)ψαj (r2)dr1dr2

+
1

2

∑
i,j

∫
ψβ∗i (r1)ψβ∗j (r2)

1

r12
ψβi (r1)ψβj (r2)dr1dr2

+
∑
i,j

∫
ψα∗i (r1)ψβ∗j (r2)

1

r12
ψαi (r1)ψβj (r2)dr1dr2

− 1

2

∑
i,j

∫
ψα∗i (r1)ψα∗j (r2)

1

r12
ψαi (r2)ψαj (r1)dr1dr2

− 1

2

∑
i,j

∫
ψβ∗i (r1)ψβ∗j (r2)

1

r12
ψβi (r2)ψβj (r1)dr1dr2 .

(1.58)

1.5.1 Introduction of a Basis Set

Similar to what we did on the closed shell case, we expand the wave function
in terms of basis functions as

ψαi (r1) =
K∑
µ=1

Cαµiφµ(r1) (1.59)

ψβi (r1) =

K∑
µ=1

Cβµiφµ(r1) . (1.60)

Plugging this into the Hartree-Fock equation leads to a coupled set of
Roothan equations, namely

FαCα = SCαεα (1.61)

FβCβ = SCβεβ , (1.62)

with S defined in the same way as in the closed shell case. We can define
the α, β and total density matrices as
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ρα(r) =

Nα∑
i

|ψαi (r)|2 (1.63)

ρβ(r) =
Nβ∑
i

|ψβi (r)|2 (1.64)

ρT (r) = ρα(r) + ρβ(r) , (1.65)

which have the normalization condition∫
ρT (r)dr = N = Nα +Nβ . (1.66)

It is convenient to define define a spin density as

ρS(r) = ρα(r)− ρβ(r) , (1.67)

which is positive for regions with a higher probability of finding an α electron
and negative for regions with a higher probability of finding a β electron.
We can express the electron density in terms of the basis set orbitals by
defining the density matrices Dα and Dβ as

ρα(r) =
∑
µ,ν

Dα
µ,νφµ(r)φν(r) (1.68)

ρβ(r) =
∑
µ,ν

Dβ
µ,νφµ(r)φν(r) , (1.69)

and we can also write expressions for the total and spin density matrices as

DT = Dα + Dβ (1.70)

DS = Dα −Dβ . (1.71)

The density matrices can expressed in terms of the expansion coefficients as:

Dα
µ,ν =

N/2∑
i

CαµiC
α
νi (1.72)

Dβ
µ,ν =

N/2∑
i

CβµiC
β
νi , (1.73)

and the α and β Fock matrices also have expressions equivalent to that of
Eq. (1.55).
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1.6 Basis Sets

In this work, we will use atom-centred basis sets. For illustration, we will
briefly describe the Pople series of Gaussian basis sets. A 1s Slater type
function centred on an atom at RA has the form

φSF
1s =

(
ζ3

π

)1/2

e−ζ|r−RA| , (1.74)

while a Gaussian function has the form

φGF
1s =

(
8α3

π3

)1/4

e−α|r−RA|2 , (1.75)

where ζ and α are orbitals exponents that determine the spread of the
orbital. Slater orbitals have the correct asymptotic form of the electron
density (i.e., they describe the electron density at large distances better than
Gaussian functions) since the exact solution of the Schrödinger equation
for the hydrogen atom has a Slater asymptotic form. However, Gaussian
functions have a desirable numerical property that has lead them to be more
widely used: The integrals in the third term of Eq. 1.55, which are the most
time-consuming part of an SCF calculation, can be evaluated analytically
for Gaussian functions, while for Slater functions the integrals have to be
evaluated numerically. Out of the quantum chemistry software that we
use in this work NWChem uses Gaussian functions and ADF uses Slater
functions.

Because Gaussian functions do not have the correct asymptotic be-
haviour, each member of a Gaussian basis set is not a single function, but
rather, a linear combination of Gaussian basis functions. The linear com-
bination φCGF

µ is called a contracted Gaussian, and the primitive Gaussian

basis functions φGF
i are called contractions, that is

φCGF
µ =

∑
i=1

diµφ
GF
i . (1.76)

The expansion coefficients diµ are chosen so that the function φCGF
µ ap-

proximates a given Slater function as close as possible. It is important to
note that these expansion coefficients are fixed during an SCF calculation,
they do not form part of the variational parameters.
We can also build primitive Gaussian for 2p, 3d, 4f, ... type basis sets, using
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φGF
2px =

(
128α5

π3

)1/4

xe−α|r−RA|2 (1.77)

φGF
3dxy =

(
2048α7

π3

)1/4

xye−α|r−RA|2 . (1.78)

Although Gaussian functions allow for analytical solutions of the inte-
grals in Eq. (1.55), that is only true for the lowest principal quantum number
of each rotational symmetry type (1s, 2p, 3d). The contracted Gaussians of
other functions are built from contractions of these basic types. For exam-
ple, a 2s contracted Gaussian function φCGF

2s is built from contractions of 1s
type functions using Eq. (1.76).

We will now briefly give a general description of some commonly used
basis set. The smallest possible basis sets is called a minimal basis set.
These basis sets have a single contracted Gaussian for every s function, three
contracted Gaussians for every p function (px, py, pz) and 5 or 6 contracted
gaussians for every d function. The most commonly used minimal basis set
is the STO-3G [19, 20], in which every contracted function is composed of
three primitives (i.e., the sum in Eq. (1.76) contain three terms).

To increase the variational flexibility, we can use two basis functions for
every orbital (i.e. two functions for every s orbital, six for every p orbital)
The most common double zeta basis sets only have two basis functions for
valence orbitals, while core electron orbitals are still represented by a single
orbital. This reduces the cost of the calculation without affecting many of
the chemically interesting quantities, which depend mostly on the valence
electrons. Examples of double zeta basis sets are 3-21G [21, 22] and 6-31G
[23, 24]. In the 3-21G basis set, the single function of the inner orbitals is
composed on three primitive Gaussians, and the two basis functions of each
valence orbitals are composed of two and one primitive Gaussian, respec-
tively. That same notation also applies to the 6-31G basis set. Similarly,
we can define triple zeta basis sets, where the inner core functions are still
represented by a simple basis function, and the valence orbitals are repre-
sented by three basis functions. An example of a triple zeta basis set is the
6-311G [25, 26], where the numbers still represent the number of primitive
Gaussians of each basis function.

To improve the quality of the basis set, we can add polarization functions
to the orbitals [27]. For example, starting with a 6-31G basis set, we can
add d basis functions to the valence electrons of main group elements, in
which case the basis set is called 6-31G(d) or 6-31G*. On top of that, we
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can also add p functions to hydrogen, in this case, the basis set is written as
6-31G(d,p) or 6-31G**. We can also add diffuse functions, which are very
large basis functions [28]. These are represented by a plus sign, for example,
6-31+G contain diffuse functions for valence p orbitals, and 6-31++G also
has diffuse functions on hydrogen atoms. We can add both polarization and
diffuse functions, as is the case in basis sets like 6-31++G**.

Finally, we will mention now that there are two different ways of ex-
pressing the d-type functions, Eq. (1.78). The spherical representation is
the more familiar one from general chemistry. In this case, there are 5
independent d orbitals: dxy, dxz, dyz, dz2 and dx2−y2 . In the cartesian rep-
resentation, there are six non independent orbitals: dx2 , dy2 , dz2 , dxy, dxz
and dyz. Both representations are commonly used, and there is no clear
consensus of one representation to be superior to the other. Especially in
population analysis, the results obtained from a calculation can change de-
pending on whether we are using Cartesian or spherical basis set. In this
thesis we will always specify which geometric representation of the basis sets
we are using.

1.7 Density Functional Theory

The original idea of density functional theory is to get away from the wave
function Ψ altogether and instead calculate directly the electron density ρ
(Eq. 1.51). The density can also be defined as

ρ(r1) =

∫
|Ψ(r1, r2, ..., rN )|2dr2...drN . (1.79)

It can be interpreted as a probability density of finding an electron at po-
sition r. Note that while the wave function is a function of 3N variables
(or 4N, if we count spin as a separate variable), where N is the number of
electrons, the electron density is only a function of 3 variables irrespective
of the number of electrons.

1.7.1 Electron Correlation

An aspect that one has to be careful when developing density functional the-
ory is that of the electron correlation, which is the effect on the density of the
instantaneous electron-electron interaction. There are two sources of elec-
tron correlation: the antisymmetry of the wave function and the Coulomb
interaction. Due to the antisymmetry of the wave function, it is not pos-
sible for two electrons of the same spin to occupy the same place. That
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is, there is a “hole” in the electron density around each electron that no
other electron with the same spin can occupy. This effect is due only to
the antisymmetry of the wave function and is independent of the electron
charge; it has nothing to do with the Coulomb electrostatic repulsion. This
is called the exchange interaction and the “hole” in the electron density is
called the Fermi hole. This exchange interaction is accounted for in the
Hartree-Fock method. Another source of electron correlation is the instan-
taneous Coulomb repulsion. Because of this repulsion, electrons of any spin
cannot get too close to each other, and, therefore, there is also a hole in the
density around each electron. This hole is known as the Coulomb hole. The
Coulomb interaction is ignored in the Hartree-Fock method. Although both
of these terms constitute the electron correlation, the standard terminology
is to refer only to the Coulomb interaction as correlation, while the exchange
interaction is just known as exchange. We will be using this convention from
now on.

1.7.2 Does the electron density contains all the information
of the system?

As can be seen in Eq. (1.9), to specify the molecular Hamiltonian, the only
pieces of information that we need are the number of electrons and the posi-
tions and charges of each nucleus. If this information is recoverable from the
ground state density, then such would also determine any other information
about the system. The following argument gives an intuitive reasoning of
why the ground state density indeed contains these three important pieces
[29]:

1. The density is normalized to the number of electrons:
∫
ρ(r)dr = N

2. The electron density has cusps at the nuclei positions RA.
3. The width of these cusps is related to the nuclear charge:

lim
riA→0

[
∂

∂r
+ 2ZA

]
ρ(r) = 0 (1.80)

While this argument is appealing, it is not a formal proof. An actual proof,
namely the Kohn-Sham theorem, will be discussed in a future section.

1.7.3 Early Attempts

The idea of using the electron density instead of the wave function as the
fundamental quantity is almost as old as quantum theory. One of the earliest
of such methods was proposed by Thomas [30] and Fermi [31]. This model
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gives a closed expression for the electronic energy as a function of the electron
density. This energy functional has the form

ETF [ρ(r)] =
3

10
(3π2)2/3

∫
ρ5/3(r)dr− Z

∫
ρ(r)

r
dr +

1

2

∫
ρ(r1)ρ(r2)

r12
dr1r2

(1.81)
where the first term is the kinetic energy of a uniform electron gas (a model
in which electrons are moving in a uniformly distributed positive charge),
the second term is the nucleus-electron Coulomb interaction, and the third
term is the inter-electronic Coulomb interaction. All of the exchange and
correlation effects are ignored, and as such this model is not of much practical
utility.
To calculate the density using this model the variational principle is used:
we find the density that minimizes the energy, subject to the normalization
constraint of the density.

An early method to include the exchange interaction was introduced
by Slater with the purpose of approximating the non-local Hartree-Fock
exchange term [32] (the last term in Eq. (1.48)). The exchange energy EX
can be expressed as the interaction between the electron density and a Fermi
hole hF (r1; r2). This hole represents the decrease in density at position r2
due to an electron at position r1. Slater’s idea was to assume that the
exchange hole around position r1 is a sphere with a radius rs, inside which
the hole has a constant magnitude proportional to ρ(r1). The radius of this
sphere is given by

rs =

(
3

4π

)1/3

ρ(r1)−1/3 . (1.82)

Because the electrostatic potential of a charged sphere is proportional to
1/rs, the magnitude of the hole will be proportional to ρ(r1)1/3. The ex-
change energy, which is the interaction between the electron density and the
hole is then proportional to ρ(r1)4/3, that is

EX [ρ] = CX

∫
ρ(r1)4/3dr1 , (1.83)

where CX is a proportionality constant. This constant can also be treated as
a semi-empirical parameter in which case we have the Xα, or Hartree-Fock
Slater method [32]. This expression for the exchange energy can be added
to the Thomas-Fermi functional to produce the Thomas-Fermi-Dirac model.
Although this model accounts for the exchange interaction that was ignored
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in the original Thomas-Fermi model, it still does not produce satisfactory
results for chemical applications.

In general, the idea of using an energy functional E[ρ] and applying the
variational method of ρ is known as orbital-free density functional theory
[33], since we do not need any reference to wave-functions (orbitals). Al-
though this was the original motivation of density functional theory, and
extensive research has been done in these kinds of methods, they are still
not very robust. In the next section, we will abandon this idea of getting
rid of the orbitals and focus instead on the most common implementation
of DFT: The Kohn-Sham model, which uses a set of auxiliary molecular
orbitals.

1.7.4 The Hohenberg-Kohn Theorems

The first Hohenberg-Kohn theorem [34] proves that the ground state density
uniquely determines the Hamiltonian, and, therefore, all the properties of
the system (including those of the excited states). The proof for this theorem
can be found in the original reference and most density functional theory
textbooks [3, 35].
Since the ground state density determines all the properties of the system,
including the ground state energy, we can write the ground state energy
as a functional of the ground state density. This energy functional can be
separated into kinetic energy, nucleus-electron energy and electron-electron
energy terms as

E[ρ0] = T [ρ0] + Ene[ρ0] + Eee[ρ0] . (1.84)

Ene[ρ0] is system dependent (since it depends on the position and charge of
nuclei) and is the only term that we know in its exact form, since its just
given by the classical Coulomb energy between nuclei and electrons, namely

Ene[ρ0] =

∫
ρ0(r)

∑
i

∑
k

e2Zk
rik

dr . (1.85)

On the other hand, the kinetic and electron-electron interactions are uni-
versally valid: their functional form applies the same for every molecule.
However, the exact form of these functionals is not known, so approximate
expressions have to be used. The sum of these two functionals are known
as the Hohenberg-Kohn functional

FHK [ρ0] = T [ρ0] + Eee[ρ0] . (1.86)
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We will discuss how to find approximate expressions of FHK in a later chap-
ter. For now, we’ll just mention that we can split the electron-electron
energy Eee into its classical Coulomb part, of which we know the form, plus
a non classical unknown part that will include the effects of the electron
exchange and correlation, that is

Eee[ρ] =
1

2

∫
ρ(r1)ρ(r2)

r12
dr1r2 + Encl[ρ] = J [ρ] + Encl[ρ] . (1.87)

To calculate the electron density given the functional, we use the second
Hohenberg-Kohn Theorem [34]. This is essentially a re-statement of the
variational theorem: it says that the density that minimizes the energy
functional, Eq. (1.84), is the ground electron density. This implies that
even if the ground state density determines in principle the properties of the
excited states, the HK theorems only provide the framework to determine
the ground state properties.

1.8 The Kohn-Sham Method

1.8.1 The non-Interacting Reference System

The most popular procedure to find the functional FHK is the one devel-
oped by Walter Kohn and Lu Jeu Sham in their seminal 1965 paper [36],
called the Kohn-Sham (KS) method. The idea is based on the Hartree-Fock
method. In Hartree-Fock, the wave function is assumed to have the form
of a Slater determinant. This wave function can be viewed either as an
approximate solution of the Schrödinger equation or as an exact solution of
non-interacting electrons moving in a potential. In Hartree-Fock, the kinetic
energy is given by

THF = −1

2

N∑
i

〈ψi|∇2|ψi〉 , (1.88)

where ψi are the molecular orbitals. The motivation of the KS method
is to use the Hartree Fock kinetic energy as the major part of the kinetic
energy functional in Eq. 1.86. So, for the KS method, we are also going
to solve the problem of non-interacting electrons moving in a potential,
but this potential will be different from that form Hartree-Fock and will
be referred as Vs. The kinetic energy of this non-interacting system will
be given by Eq. 1.88. Because this system is not interacting, we can use
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most of the framework of the Hartree-Fock method. In particular, the wave
function will be a Slater determinant, composed of molecular orbitals ψ
(called Kohn-Sham orbitals) which are the solution of the equation:

f̂KSψi = εiψi , (1.89)

where

f̂KS = −1

2
∇2 + Vs(r) . (1.90)

The key point of the KS method is that this non-interacting system must be
related to our real, interacting system. The connection lies in the choice of
potential Vs: It has to be chosen so that the density obtained from the Kohn-
Sham orbitals, ρs, is equal to the density of the real, interacting electron
problem:

ρs(r) =
N∑
i=1

|ψi(r)|2 = ρ0(r) . (1.91)

1.8.2 The Kohn-Sham Equations

We now proceed to give a more explicit form of the Kohn-Sham operator
f̂KS . We will start by going back to the Hohenberg-Kohn functional FHK , of
Eq. (1.86). While we do not know the exact form of the kinetic and Coulomb
energy functionals, we do know the form of their major contributions. For
the kinetic energy, we already discussed that the major contribution is given
by the kinetic energy of the non-interacting system

Ts = −1

2

∑
i

〈ψi|∇2|ψi〉 . (1.92)

The kinetic energy functional T [ρ0] can then be expressed as this non-
interacting contribution plus a correction Tc product of the electron inter-
actions, that is

T [ρ0] = Ts[ρ0] + Tc[ρ0] . (1.93)

Similarly, we know the classical expression of the electron-electron Coulomb
functional to be

J [ρ] =
1

2

∫
ρ(r1)ρ(r2)

r12
dr1dr2 , (1.94)
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the Coulomb energy functional can be written as the classical contribution
plus a non-classical correction Encl[ρ0], namely

Eee[ρ] = J [ρ] + Encl[ρ] . (1.95)

We now group the two unknown terms of the Hohenberg-Kohn functional
into a term called the exchange correlation energy EXC ,

EXC [ρ] = Tc[ρ] + Encl[ρ] . (1.96)

The full electronic energy functional is then given by

E[ρ] = −1

2

∑
i

〈ψi|∇2|ψi〉+
1

2

∫
ρ(r1)ρ(r2)

r12
dr1r2+EXC [ρ]+

∫ ∑
k

Zk
r1k

ρ(r1)dr1 ,

(1.97)
where the only unknown term is the exchange correlation energy EXC . We
now want to find the orbitals φi so that the electron density formed from
these orbitals ρ0 =

∑
i |ψi|2 minimizes the functional in Eq. (1.97). This

can be achieved by assuming the wave function will have the form of a
Slater determinant and then applying the variational method. The resulting
equations are called the Kohn-Sham (KS) equations:

(
−1

2
∇2

1 −
∑
k

Zk
r1k

)
ψi(x1) +

∑
j 6=i

[∫
ρ(r2)

1

r12
dx2

]
ψi(x1)

+ VXC(r1)ψi(r1) = εiψi(x1) .

(1.98)

Comparing this with the Hartree Fock equation, Eq. (1.45), we see that the
two equations have the same form, which is unsurprising considering the
similarities in their derivations. The only difference is that the exchange
term in Hartree-Fock is replaced by VXC in the Kohn-Sham equation. This
term is not known yet, but is related to EXC by

VXC =
δEXC
δρ

. (1.99)

In the next section, we will discuss how to find approximations for EXC ,
and hence, VXC . Note that, due to the similarity with the Hartree-Fock
equations, most of the formalism we developed for solving this equation,
including the iterative self-consistent nature of the solution, the introduction
of Gaussian or Slater basis sets, and population analysis, can also be applied
to solving the KS equations.
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1.9 Exchange-Correlation Functionals

1.9.1 The local Density Approximation

The simplest form of the exchange-correlation energy functional assumes
that we can write an exchange-correlation energy density εXC(ρ) whose value
at each point depends only on the value of the electron density at that point.
That is, εXC(ρ) is a local functional of the electron density. This is called the
local density approximation (LDA). The global exchange-correlation func-
tional is simply the energy per electron weighted by the probability that
there is an electron at that specific point, that is

ELDAXC [ρ] =

∫
ρ(r)εXC [ρ(r)]dr . (1.100)

εXC(ρ) can be further split into exchange and correlation parts as

εXC [ρ] = εX [ρ] + εC [ρ] . (1.101)

For the exchange part, most practical models use the so called Slater ex-
change, which is the exact exchange functional of a uniform electron gas,
that is

εX [ρ] = −3

4

3

√
3ρ(r)

π
. (1.102)

An exact expression is not known for the correlation part, but approximate
expressions can be obtained from numerical quantum Monte-Carlo simula-
tions [37]. The most commonly used expressions are the ones developed
by Vosko, Wilk and Nusair [38], and are known collectively as the VWN
functional.

1.9.2 Generalized Gradient Approximation

As can be seen in Eq. (1.100), EXC is an integral of a function of ρ. One way
to improve this approximation is to write EXC as an integral of a function
of both the electron density and the gradient of the electron density ∇ρ,
that is

EGGAXC [ρ] =

∫
f(ρ,∇ρ)dr , (1.103)

This is called the generalized gradient approximation. We can again separate
the exchange and correlation energy functionals as
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1.9. Exchange-Correlation Functionals

EGGAXC = EGGAX + EGGAC . (1.104)

The precise form of these functions is quite complicated and will not
be discussed here. In principle, the exchange and correlation functionals
can be chosen independently. However, certain specific combinations are
widely used and are given standard names. The most common exchange
functional in use is the one by Becke [39]. This exchange functional can
be combined with several correlation functionals, for example, the Perdew
1986 functional [40], Lee, Yang and Parr 1988 functional [41] or Perdew and
Wang 1991 functional [42]. These combinations are referred as PB86, BLYP,
and PW91, respectively. We should note is that even if gradient corrected
functionals go beyond the local density approximation, these functionals are
still local since the value of the functional at a point r depends only on the
density ρ(r) and it’s gradient ∇ρ(r) at point r.

1.9.3 Hybrid Functionals

All the GGA functionals discussed so far use the Becke approximate ex-
change functional, which is derived from the uniform electron gas. However,
we do know the exact form of the exchange energy if we assume that the wave
function has the form of a Slater determinant: this is just the Hartree-Fock
exchange (last term in Eq. (1.46)). It would seem obvious that using this
exact expression instead of Becke approximate functional would improve the
performance of DFT. However, this is not the case, the reason being that the
quantity with physical significance is the sum of the exchange and correlation
functionals. Because we are using an approximate correlation functional, it
turns out that the combination of Becke exchange and the approximate cor-
relation have the correct main features of the exact exchange-correlation
functional. However, the exact exchange combined with the approximate
correlation does not have these features. Hybrid functionals aim to intro-
duce a fraction of this exact exchange in a way that combines appropriately
with the approximate correlation functional.

1.9.4 Total Energy Evaluators

We discuss now different methods of how to actually determine the energy
once we know the functional. Equation 1.97 is our starting point, which we
will refer to as the Kohn-Sham energy:
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EKS = −1

2

∑
i

〈φi|∇2|φi〉+EH [ρout]+EXC [ρout]+〈ρout(r)Vne(r)〉 , (1.105)

where the Hartree energy EH [ρout] is given by

EH [ρout] =
1

2

∫
ρout(r1)ρout(r2)

r12
dr1r2 , (1.106)

and the nuclear-electronic potential Vne(r) is given by

Vne(r) = −
∑
k

Zk
r1k

. (1.107)

We have rewritten the density matrix as ρout following the notation at the
beginning of Chapter 2, which recognizes that there are two density matrices
per iteration (the other is ρin). This energy expression is exact as long as
ρout represents the exact density of the system ρ0. This is however not the
case, since SCF processes are always truncated once we reach an established
threshold, and as a result the density ρout will always be an approximation
(albeit a good one). When we have an approximate density, it is better to
use the Hohenberg-Kohn-Sham (HKS) functional, [43], which is an upper
bound of EKS [44], and is given by

EHKS =
∑
i

fiεi + EH [ρout] + EXC [ρout]− 〈ρout(r){VH [ρin] + VXC [ρin]}〉 .

(1.108)
Here, fi are the occupation numbers, εi are the orbital energies, VXC is the
exchange correlation potential, Eq.(1.99) and VH is the Hartree potential

VH [ρin] =
1

2

∫
ρin(r)

r12
dr . (1.109)

Another functional commonly in use is that of Harris [45], given by

EHarris =
∑
i

fiεi − EH [ρin] + EXC [ρin]− 〈ρin(r)VXC [ρin]〉 . (1.110)

Unlike the HKS functional, the Harris functional is neither an upper or a
lower bound for the exact EKS energy [46].
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Both of these energy functionals are exact up to first order with respect to
the difference between the approximate energy and the exact one, ρout− ρ0.
By performing a Taylor expansion of the energy with respect to the exact
density ρ0, it is possible to find energy functionals correct up to second order
in this difference. We called these quantities the corrected HKS (cHKS) and
corrected Harris (cHarris) energy functionals [47, 48], namely

EcHKS = EHKS +〈{ρout(r1)−ρin(r2)}C(r1, r2){ρb(r1)−ρout(r2)}〉 (1.111)

EcHarris = EHarris + 〈{ρout(r1)− ρin(r2)}C(r1, r2){ρb(r1)− ρin(r2)}〉 ,
(1.112)

where ρb is technically the exact density ρ0, but in practice is just a better
approximation to ρ0 than ρout. The quantity C(r1, r2) is given by

C(r1, r2) =
1

2

(
1

|r1 − r2|
+
δVXC [ρ(r1)]

δρ(r2)

∣∣∣∣
ρin

)
. (1.113)

The functional derivative term in the equation above is usually difficult to
evaluate, and so the following finite difference approximation can be made

〈
{ρout(r1)− ρin}δVXC [ρ(r1)]

δρ(r2)

〉
≈ VXC [ρout(r2)]− VXC [ρin(r2)] . (1.114)

With this approximation, we can write the EcHKS and EcHarris functionals
as

EcHKS = EHKS +
1

2
〈(ρb − ρout)(V out

eff − V in
eff )〉r1,r2 (1.115)

EcHarris = EHarris +
1

2
〈(ρb − ρin)(V out

eff − V in
eff )〉r1,r2 . (1.116)

We are going to use these corrected energy expressions to derive some
of our methods to accelerate SCF convergence. We will also explain how to
obtain the ”better” density ρb in that context.
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1.10. Time-Dependent Density Functional Theory

1.10 Time-Dependent Density Functional Theory

In this section, we will briefly describe time-dependent density functional
theory (TD-DFT) [49], and its use in predicting molecular spectra, in par-
ticular circular dichroism spectra [50]. While the Hohneberg-Kohn theorem
states that the potential, and hence all of the solutions of the Schrödinger
equation, including the excited states, can be determined from the ground
state density, the Kohn Sham procedure is strictly for ground states and can-
not be readily generalized to calculate excited states. However, if we want
to make predictions about molecular spectra, we need information about
excited states, and about the excitations produced by the interaction of the
molecule with an electromagnetic field. Since the electromagnetic field is
not constant in time, we can model its interaction with the molecule with a
time-dependent potential. Time-dependent density functional theory allows
us to find excited states of a molecule subject to a time-dependent external
potential.

The basic framework of TD-DFT is the same as that of time independent
DFT: we must prove first that a time-dependent density uniquely determines
a time-dependent potential. This is the content of the Runge-Gross theorem
[51], which is the time-dependent analog of the HK theorem. Note however
that it is much more complicated in this case, as the potential at one specific
time is determined by the density at all previous times. That is, the time
mapping between density and potential is not linear.

With this theory, the Kohn-Sham formalism is very similar to that of the
time independent counterpart: we define a non interacting system and solve
a one particle time-dependent Schrödinger equation for the orbitals φi(r, t),
which moves in a potential, that is

(
−1

2
∇2 + vs(r, t)

)
φi(r, t) = i

∂

∂t
φi(r, t) φi(r, 0) = φi(r) , (1.117)

where vs(r, t) is the non interacting potential that produces orbitals that
have the same density as the real, interacting system. The time-dependent
density can then be written as

ρ(r, t) =
∑
i

fi(t)|φi(r, t)|2 . (1.118)

Note that in this case, the expansion coefficients in the last equation are
also time-dependent. vs(r, t) can also be split into classical, exchange and
correlation parts. Finding the xc functionals in this case is quite different
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from the time-independent case and is beyond the scope of this short intro-
duction of the topic. Some formalisms to achieve this can be found in Refs.
[51–53]

If the time-dependent part of the Hamiltonian is a small perturbation
of the time-independent part, we can use linear response TD-DFT as an
approximation [54]: the Hamiltonian is written as the ground state Hamil-
tonian plus a first order time-dependent perturbation. This yields the Dyson
equation for TD-DFT, which we can use to find the time-dependent pertur-
bation of the density with respect to the ground state density. This linear
response method is the one usually used to determine excitations of the
molecules when interacting with an electromagnetic field.

1.10.1 Circular Dichroism

Circular dichroism (CD) occurs when a molecule absorbs right polarized
light and left polarized light by different amounts. This is a property of
chiral molecules, and as such, it can be used to distinguish between different
enantiomers [55]. In particular, enantiomers will show CD spectra that are
mirror images of each other. In this work, we will be focusing on UV/visible
CD spectroscopy, which arises from electronic transitions.

To calculate theoretically the electronic CD spectra of a molecule, we use
time-dependent density functional theory. We must first find the first few
excited state energies and wave-functions of the molecule. We need to find
then the strength of the absorption corresponding to an electronic transition
between the ground state and each of the excited states. For this we use the
circular dichroism rotatory strength, which is defined as the product of the
transition amplitudes of the electric and magnetic dipole moments p̂ and µ̂,
that is

Rcd =
1

2mec
Im

∫
ψg(x)p̂ψe(x)dx ·

∫
ψg(x)µ̂ψe(x)dx . (1.119)

where m is the electron mass, c is the speed of light in vacuum, x represent
the spatial and spin coordinates and ψgand ψe are the ground and excited
states wavefunctions, respectively. Note that we have one rotatory strength
for each of the calculated excited states. From that formula, one can see
that Rcd is non-zero only if electric and magnetic dipole moments transform
as the same irreducible representation, which is only valid for chiral point
groups.

The experimental spectra measures the difference in molar extinction
coefficients ∆ε between left and right circularly polarized light, which is a
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function of the frequency of of the incident light. To relate this quantity
and the rotatory strenght, we can use the expression

Rcd =
3hc103 ln(10)

3π3NA

∫
∆ε

ν
dν , (1.120)

where the quantities before the integral are simply a constant. To obtain
CD plots, we place a normalized Gaussian function centered at the position
of each rotatory strength (that is, at the excitation energy of the state cor-
responding to that rotatory constant, measured in units of frequency), such
that its integral reproduces Eq. (1.120). The width of this Gaussian func-
tion is an arbitrary parameter which we will specify in every case. The final
spectrum is then the superposition of the Gaussian functions corresponding
to all the rotatory strengths.
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Chapter 2

Accelerating SCF
convergence

We will now restate the SCF process as described in Section 1.4.2, albeit with
some modifications to make it more appropriate for our SCF convergence
acceleration algorithms. Our SCF process can be represented with by the
following diagram:

Fin
i

diagonalize−−−−−−−→ Dout
i

build−−−−→ Fout
i

calculate−−−−−−→ A
enter−−−−→ LIST

↑ ↓
restart←−−−−− Fin

i+1 =
∑
k

ckF
out
k ; Din

i+1 =
∑
k

ckD
out
k

solve {ck}←−−−−−−−
(2.1)

1. Create an initial guess of the molecular wave-function, that is, give an
initial guess for the expansion coefficients ck in Eq. (1.47). This is equivalent
to generating an initial guess for the density matrix Dout

i , Eq. (1.54).
2. Use these coefficients to build the Fock matrix Fout

i , Eq. 1.50, which is
equivalent to building the molecular Hamiltonian. This step involves taking
O(N4) four center integrals (N is the number of basis sets), and it is the
most expensive step in the SCF procedure.

3. In the standard SCF procedure, we would proceed to diagonalize
the Fock matrix Fout

i now. Instead of that, we will build a ”better” Fock
matrix Fin

i+1 =
∑

k ckF
out
k as a linear combination of the Fock matrices

obtained in the previous iterations. This is achieved by diagonalizing a
matrix A as part of the LIST method, which will determine the coefficients
ck. We will similarly build a new density matrix Din

i+1 =
∑

k ckD
out
k using

the same expansion coefficients. This matrix does not play a role in the SCF
procedure, but we use it to determine the optimum coefficients ck.

4. We now diagonalize the matrix Din
i+1, which is equivalent to solving

the Schrödinger equation. With the expansion coefficients ck obtained we
build our new density matrix Dout

i+1.
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5. Compare the matrices Din
i+1 and Dout

i . If the two matrices are the
same to within a determined margin of error, we say that the process is
converged, and the calculation is finished. Otherwise, we keep going in the
cycle.

This version of SCF involves a short-cut. Strictly speaking, we should
be extrapolating only the density matrix in step 3, Din

i+1 =
∑

k ckD
out
k ,

while the Fock matrix Fin
i+1 should be built from Din

i+1 following a procedure
similar to that of step 2. However, step 2 is the most expensive part of an
SCF cycle, and this process would involve carrying out this step twice per
cycle, effectively doubling the cost. We found however that extrapolating
the Fock matrix, Fin

i+1 =
∑

k ckF
out
k works essentially as well as building it

from the four-centred integrals, and therefore we used this short-cut for all
our calculations.

Since each step has the potential to be very expensive computationally,
specially for large systems, decreasing the number of steps to reach con-
vergence can significantly speed up the calculation. Furthermore, there are
some cases where the SCF process presents an oscillatory behaviour (ie. the
solution found at one step repats itself after a certain number of steps),
which causes the calculation to never converge. Henceforth, we need meth-
ods that reduce the number of iterations needed to reach convergence, which
is usually achieved by having a better initial guess Din or Fin

i+1 at every SCF
step.

2.1 Review of Acceleration convergence
techniques

In this section, we will review the different methods that are used to accel-
erate SCF convergence. That is, methods that can be used to reduce the
number of SCF steps needed to reach convergence.

2.1.1 Damping

One of the reasons that an SCF calculation may fail to converge is the
oscillation of the density matrix. That is, at step n, we have a density
matrix Dn. In the next SCF steps, we get the density matrices Dn+1, Dn+2,
Dn+3, etc. An oscillation happens when the matrix Dn is very similar to the
matrix Dn+2, but very different from Dn+1. Similarly, Dn+1 is very close to
Dn+3. One way to alleviate this is by the method of damping, which is one
of the earliest SCF acceleration methods [56]. In this method, once we solve
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the Schrödinger equation and obtain Dn+1, instead of using this matrix to
continue the calculation, we replace it by a matrix D′n+1 which is a weighted
average of Dn and Dn+1, that is

D′n+1 = ωDn + (1− ω)Dn+1 , (2.2)

where ω is a damping parameter that we can take either as a constant or
adjusted throughout the calculation. This is an example of an interpolation
method, because the matrix D′n+1 falls somewhere between Dn and Dn+1.
While this method is effective at damping simple oscillations, it does not
necessarily help if the oscillation period is more than 1 SCF step. Also,
oscillations are not the only reason SCF calculations may fail to converge,
and as such this method is not of great generality.

2.1.2 Level-Shifting

Level shifting [57] is a technique that can be understood in the context of
the theory explained in Section 1.4.3. As we explained there, convergence is
reached when the Fock matrix elements in the occupied - virtual blocks are
zero. At every iteration, the new occupied molecular orbitals will be a mix
of the old occupied and virtual molecular orbitals. However, if the mixing
is too big, oscillations may occur. We can reduce the degree of mixing by
artificially increasing the energies of the virtual orbitals. Decreasing the
amount of mixing may help avoid the oscillations, hence improving conver-
gence in these cases. We can show that if the energies of the virtual orbitals
are raised high enough, convergence is guaranteed. However, level-shifting
decreases the average convergence rate so that the convergence will be slow.
Also, the system may converge to a state that is not the ground state, so
special care must be taken when using this method.

2.1.3 Direct Inversion of the Iterative Sub-Space (DIIS)

The DIIS method offers a way to build the Fock matrix in step 3 in the SCF
procedure above (Fig. (2.1)), that is

Fin
i+1 =

∑
k

ckF
out
k . (2.3)

The coefficients ck are chosen so that an error vector e is minimized in
the least squares sense. This error vector is a linear combination of an error
quantity ei defined for each SCF step
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e =
n∑
i=1

ciei , (2.4)

where the coefficients ck are the same coefficients as the ones used in the
expansion of Eq. (2.3). We find the coefficients ck that minimize the square
norm of the error vector e, that is

〈
n∑
i=1

ciei|
n∑
j=1

cjej〉 − λ
n∑
i=1

ci , (2.5)

where the second term is using the Lagrange multiplier method [58] to ensure
the coefficients ck are normalized to one, namely

n∑
i=1

ci = 1 . (2.6)

The minimization procedure leads to the following system of equations for
the coefficients ck

0 −1 −1 . . . −1
−1 a11 a12 . . . a1m

−1 a21 a22 . . . a2m
...

...
...

. . .
...

−1 am1 am2 . . . amm


︸ ︷︷ ︸

A


λ
c1

c2
...
cm


︸ ︷︷ ︸

C

=


−1
0
0
...
0


︸ ︷︷ ︸

O

, (2.7)

where the matrix elements ai are given by

aij = 〈ei|ej〉 . (2.8)

For the error vector ei, in his first paper [59], Pulay suggested using the
difference in Fock matrix elements between iterations, that is

ei = Fout
i − Fout

i−1 , (2.9)

or, more precisely, the elements of the Fock matrix transformed into an
orthonormal basis: S1/2FS−1/2, where S is the overlap matrix, Eq. 1.49.
This is done since the changes in the Fock matrix after every iteration are
more physically significant when the basis functions do not overlap. In this
first implementation, DIIS was only applied periodically after an arbitrary
number of conventional SCF cycles.
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In his second DIIS paper [60], Pulay suggested an alternative error vec-
tor. This definition comes from our previous discussion of SCF convergence:
that a necessary and sufficient condition for convergence is that the occupied
- virtual blocks of the Fock matrix are zero since these elements are equal to
the gradient of the electronic energy with respect to the molecular orbital
coefficients. It is possible to show that this condition is equivalent to the
requirement that the Fock matrix commutes with the density matrix. Pulay
then suggested using the norm of this commutator as the error vector, that
is

ei = Fout
i Dout

i S− SDout
i Fout

i . (2.10)

In summary, the DIIS method follows the SCF procedure described in
Fig. 2.1, where the expansion coefficients used to build Fin

i+1 are those that
minimize the square error defined by Eqs. (2.4) and (2.10).

2.1.4 Direct Optimization Techniques

Since the ultimate objective of the self-consistent procedure is to minimize
the energy as a function of the molecular orbitals coefficients, it is also pos-
sible to treat this as an standard optimization problem and use optimiza-
tion techniques such as steepest descent, conjugated gradient and Newton-
Rhapson methods. We will show below how to use the a Newton-Rhapson
method in the context of energy minimization.

We will consider the electronic energy to be a function of a set of inde-
pendent parameters x. We now expand the function E(x) around the point
x0, giving

E(x) = E(x0) +∇E(x0)(x− x0) +
1

2
H(x0)(x− x0)2 +O(x3), (2.11)

where H is the Hessian (second derivative) matrix. If we approximate the
energy with its quadratic expansion, the minimum is reached when

∇E(x) = ∇E(x0) + H(x0)(x− x0) = 0 . (2.12)

If the energy is exactly quadratic in x, the minimum is then located at

x = x0 −H−1(x0)∇E(x0) . (2.13)

In general, the energy is not exactly quadratic and we can use the above
equation to iteratively find the minimum, that is
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xn+1 = xn −H−1(xn)∇E(xn) . (2.14)

This is the Newton-Rhapson method. To apply these methods for energy
minimization, we must first choose the independent parameters x we want
to minimize. We cannot choose the molecular orbital expansion coefficients
ck since the molecular orbitals are orthonormal and hence these parameters
are not independent. Similarly, other parameters that one can use in other
minimization methods like the elements of the Fock or density matrices are
not independent either.
To find such a set of independent parameters, we go back to the formulation
in Section 1.4.3. We consider that the new molecular orbitals after an SCF
iteration are a rotation of the old molecular orbitals. The rotation can be
expressed as a unitary matrix U, which in turn can be expressed as the
exponential of a matrix X. Therefore, the new orbitals φ′ can be expressed
in terms of the old orbitals φ as:

φ′ = Uφ = eXφ . (2.15)

The matrix X contains independent rotation parameters. For example, in
two dimensions, X contains the rotation angle α as

X =

(
0 α
−α 0

)
. (2.16)

For higher dimensions, X is also skew-symmetric, and on each half of the
matrix, all the elements are independent. Therefore, the parameters in this
matrix X can be used for direct minimization techniques.
The gradients of the energy ∇E are given by the off-diagonal elements of the
Fock matrix [61], specifically the elements in the virtual - occupied blocks
(see Section (1.4.3) as

∂E

∂xia
= 4〈φi|F|φa〉 . (2.17)

The Hessian can be calculated with the expression

∂2E

∂xia∂xjb
= 4(δij〈φa|F|φb〉 − δab〈φi|F|φj〉

+ 〈φiφb|φaφj〉+ 〈φiφj |φaφb〉+ 〈φiφa|φjφb〉) .

(2.18)

While the gradient is readily available from the off-diagonal elements of
the Fock matrix, the Hessian involves four-centre integrals, which makes it
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pretty expensive to compute. To save costs, an approximate Hessian is used
instead in some implementations, in which case we say that we are doing a
quasi-Newton-Rhapson method.

2.1.5 EDIIS Method

In a quantum chemistry calculation, each spin-orbital should either be oc-
cupied by an electron or not occupied. We say then that the occupation
number of a spin-orbital is either zero or one. One can show that this con-
dition is equivalent to saying that the density matrix is idempotent, that
is

DSD = D . (2.19)

One problem when applying Newton-Rhapson or gradient descent is that the
update of the density matrix is not guaranteed to be idempotent. Cances [62]
showed that it is possible to relax this constraint and that the Hartree-Fock
method would converge to the same ground state as the original, constrained
case. An algorithm that uses this idea is referred to as a relaxed constraint
algorithm (RCA). Since the idempotency of the density matrix is equivalent
to the requirement that occupation numbers are either zero or one, we say
that the RCA method uses fractional occupation numbers. In the following,
D and F will refer to the original density and Fock matrices, constrained to
occupations numbers 0 or 1, while D̃ and F̃ are the density and Fock matrices
when this constraint is relaxed, that is, allowing for fractional occupation
numbers.

One of the simplest implementations of the RCA method is the optimal
damping algorithm (ODA), which we now proceed to describe. Note that
this algorithm is a bit different from the one shown in Fig. (2.1), so we will
not be using the “out” and “in” notation.

Initialization: Give an initial guess of the density matrix D0. Build the Fock
matrix F0. Calculate the energy E(D0). In this first iteration, we simply
set the unconstrained density and Fock matrices as: D̃0 = D0 and F̃0 = F0.

Iterations:
1. Diagonalize the matrix F̃k and form the density matrix Dk+1.
2. If Dk+1 − Dk is smaller than an established threshold, the calculation
has converged.
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3. Build the Fock matrix Fk+1 and calculate the energy E(Dk+1). Set
dk = Dk+1 − D̃k

4. Find λk ∈ [0, 1] that minimizes the energy E(D̃k−λkdk) and set D̃k+1 =
D̃k + λkd̃k = (1− λk)D̃k + λkDk+1

5. Construct F̃k+1 = (1− λk)F̃k + λkFk+1 and go back to step 1.

We can write now explicitly the first few restricted matrices:
i. D̃0 = D0

ii. D̃1 = (1− λ0)D0 + λ0D1

iii. D̃2 = (1− λ1)[(1− λ0)D0 + λ0D1] + λ1D2

We see that, effectively, D̃k+1 =
∑k

i=1 ciDi, but it is evident that the ck
are not independent. The idea of the EDIIS method [63] is to relax these
constraints and let the ck vary with more freedom. (ck still has the constraint
that

∑
i ci = 1 and ci ≥ 0).

This procedure leads to finding the coefficients ck that minimize the energy
E(D̃k+1) = E(

∑k
i=1 ciDi). This energy is referred to as the EDIIS energy

and it can be written as

εEDIIS =
∑
i

ciE[Di]−
1

2

∑
i,j

cicj〈(Di −Dj)(Fi − Fj)〉 . (2.20)

To find the optimum coefficients ck we set up an equation very similar to
the one of DIIS, Eq. (2.7). Unlike the DIIS method, in this case we have
the additional constraint that ci ≥ 0, which makes this an interpolation
method, rather than an extrapolation method like DIIS. This means that
EDIIS works better at the beginning stages of convergence, where the den-
sity matrices are worse and therefore span a larger range. When closer to
convergence, EDIIS becomes very slow. As a result, this method is usually
switched to DIIS after the convergence has passed a certain threshold. This
combination of EDIIS + DIIS is the default SCF acceleration method of the
computational package Gaussian.

Equation (2.20) assumes the energy is quadratic in the density matrix.
While this is precisely true for Hartree Fock theory, it is no longer true in
the case of Kohn-Sham theory, due to the exchange-correlation functional.
It is interesting to note that this method is more similar to DIIS or the LIST
methods than it appears at first. We are using the coefficients ck to expand
the relaxed, fractional occupation number matrices D̃k+1 =

∑
i ciE[Di] and

F̃k+1 =
∑

i ciE[Fi]. We then diagonalize F̃k+1 to produced the “real”,
occupation number restricted density matrix Dk+1. But this is exactly the
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same cycle that we described at the beginning of this chapter, where D̃ and
F̃ take the place of Din and Fin, and the constrained matrices D and F take
the place of Dout and Fout. In reality, the matrix Din is not idempotent, and
therefore the “in” matrices in our methods represent systems with fractional
occupation numbers as well. As shown by Cances, both the integer and
fractional occupation number matrices will converge at the same number,
and so at convergence Din = Dout and Fin = Fout. The main difference
between EDIIS and the LIST/DIIS methods is that a different quantity is
minimized, and, furthermore, than the coefficients ck in EDIIS have the
additional constraint that ci ≥ 0.

2.1.6 ADIIS Method

In EDIIS, the energy E[D] in Eq. (2.20) can be calculated exactly in
Hartree-Fock. However, in the Kohn-Sham method, the energy is not quadratic
with respect to the density, and as a result, the EDIIS method uses a
quadratic interpolation in the energy [63]. The ADIIS method [64] offers
an alternative to this, by doing a series expansion of the energy with respect
to the density and considering an expression that is exact up to second
order.
The Taylor expansion of the energy as a function of the electorn density was
perfomed by Host [65]. The expansion can be written, up to second order,
as

E[D] = E[Dn]+〈E′[Dn](D−Dn)〉+ 1

2
〈(D−Dn)E′′[Dn](D−Dn)〉 , (2.21)

where Dn is the density matrix at the n SCF iteration. The first derivative
of the energy can be written as, that is

E′[Dn] = 2F(Dn) = 2Fn . (2.22)

The second derivative is too costly to calculate exactly, so a quasi-Newtonian
approximation can be used [65], that is

E′′[Dn](D−Dn) = 2F(D)− 2F(Dn) = 2F− 2Fn . (2.23)

With this, Eq. (2.21) can be rewritten as

E[D] = E[Dn] + 2〈(D−Dn)|Fn〉+ 〈(D−Dn)|(F− Fn)〉 . (2.24)
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At this point, we do an expansion similar to that of DIIS and EDIIS, namely

Din
i+1 =

∑
k

ckD
out
k , (2.25)

Fin
i+1 =

∑
k

ckF
out
k . (2.26)

Using these expansions in eq. (2.24) we obtain the ADIIS energy expression
as

EADIIS = E[Dn]+2
∑
i

ci〈(Di−Dn)|Fn〉+
∑
i,j

〈(Di−Dn)|(Fj−Fn)〉 . (2.27)

Similar to DIIS and EDIIS, ADIIS expands the new Fock and density
matrices according to Eqs. (2.25) and (2.26), where the coefficients ck are
chosen so EADIIS is minimized. Similar to EDIIS, this is an interpolation
procedure, so the ck are constrained by both

∑
i ci = 1 and ci ≥ 0. As an

interpolation procedure, it also works best at the beginning of the calcula-
tion and becomes very small when getting closer to convergence. For this
reason, this method is usually also switched to DIIS after a certain conver-
gence threshold is met. This ADIIS + DIIS combination is the default SCF
convergence acceleration scheme used in the ADF computational chemistry
package.

2.2 List Methods

2.2.1 LISTd and LISTi

The first of the LIST methods (acronym for Linear Expansion Shooting
Techniques) were the direct and indirect LIST methods (LISTd and LISTi)
[66, 67]. The original idea of these methods is to use the cHKS energy ex-
pression, Eq. (1.115) to aid with energy convergence. We will first rewrite
this equation using the density and Fock matrices D, F instead of the elec-
tron density ρ and potentials Veff , and write the explicit dependence of
EHKS in terms of Dout

i , that is

EcHKS
i = EHKS[Dout

i ] +
1

2
〈(Db

m −Dout
i )(Fout

i − Fin
i )〉 , (2.28)

where the subscript “i” refer to the energy at the ith iteration, while Db
m

refers to the “best” density that can be built from information avaiable in the
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latest iteration “m”. The matrix Db
m can be built as a linear combination

of the density matrices from previous iterations as

Db
m =

m∑
k

ckDk . (2.29)

This is similar in spirit to the Fock matrix expansion used in DIIS, Eq. (2.3),
except that in this case we are using the density matrix instead of the Fock
matrix. Putting this equation into Eq. (2.28) gives

EcHKS
i =

m∑
j=1

cj [E
HKS[Dout

i ] +
1

2
〈(Dj −Dout

i )(Fout
i − Fin

i )〉] . (2.30)

Note that this time, Dj in the equation above could be either the “in”
or “out” density matrices. Unlike the expressions used in DIIS, ADIIS or
EDIIS, this equation is only linear in ck, which prevents an approach based
on least squares optimization. The first proposal for solving this energy
involved shooting for the cHKS energy using the last m iterations, that is

EcHKS
1 = EcHKS

2 = EcHKS
3 = ... = EcHKS

m = E , (2.31)

where E is the best guess of the energy available with the current informa-
tion. This, together with the normalization requirement of the ck gives a
set of equations essentially identical to those of DIIS

0 −1 −1 . . . −1
−1 a11 a12 . . . a1m

−1 a21 a22 . . . a2m
...

...
...

. . .
...

−1 am1 am2 . . . amm


︸ ︷︷ ︸

A


E
c1

c2
...
cm


︸ ︷︷ ︸

C

=


−1
0
0
...
0


︸ ︷︷ ︸

O

, (2.32)

except that in this case the energy E plays the role of the Lagrange multiplier
and the matrix elements are given by

aij = EHKS[Dout
i ] +

1

2
〈(Dout

j −Dout
i )(Fout

i − Fin
i )〉 . (2.33)

Unfortunately, the LISTd method suffers a linear dependency issue [66]. If
we choose Dout

j for Dj in the equation above, we get that close to con-
vergence, Dout

m ≈ Dout
m−1, and therefore the last two rows in the matrix A
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become very similar to each other, which makes A becomes nearly singular.
Using Din

j for Dj does not help a lot, since close to convergence we also
have Dout

i ≈ Dout
i . Furthermore, it is more desirable to use Dout

j to avoid a
damping effect.

One way of solving this convergence problem is by a second approach
which uses two alternative expansions for Db

m, one based on Dout
i and the

other one using Din
i , that is

Db
m =

∑
k

ckD
out
k (2.34)

D̃b
m =

∑
k

ckD
in
k (2.35)

with each of these expressions producing its own EcHKS as

EcHKS
i =

m∑
j=1

cj [E
HKS[Dout

i ] +
1

2
〈(Dout

j −Dout
i )(Fout

i − Fin
i )〉] , (2.36)

ẼcHKS
i =

m∑
j=1

cj [E
HKS[Dout

i ] +
1

2
〈(Din

j −Dout
i )(Fout

i − Fin
i )〉] . (2.37)

Since close to convergence D̃out
i ≈ Dout

i , we make EcHKS
i = ẼcHKS

i . This
produces an equation identical to Eq. (2.32)

0 −1 −1 . . . −1
−1 a11 a12 . . . a1m

−1 a21 a22 . . . a2m
...

...
...

. . .
...

−1 am1 am2 . . . amm


︸ ︷︷ ︸

A


0
c1

c2
...
cm


︸ ︷︷ ︸

C

=


−1
0
0
...
0


︸ ︷︷ ︸

O

, (2.38)

but with the matrix elements given by:

aij =
1

2
〈(Dout

j −Din
j )(Fout

i − Fin
i )〉 . (2.39)

Also note that in this case there is no Lagrange multiplier, the corresponding
term is set to zero.
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2.2.2 LISTb

In this section we describe another solution for the linear dependence prob-
lem that affects LISTd. It is easy to show, [68] that if we transpose the
matrix A in Eq. (2.32), we can still find a solution for the coefficients ck,
with the Lagrange multiplier (the energy E) being the same as that found
in LISTd. Therefore, instead of solving the LISTd problem, we can solve an
equivalent problem, Eq. (2.32) where the matrix A is now the transpose of
the LISTd matrix. That is, the elements are given by

aij = EHKS[Dout
j ] +

1

2
〈(Dout

i −Dout
j )(Fout

j − Fin
j )〉 (2.40)

This method was referred in its original publication [67] as LISTb, for better
LIST. Unlike LISTd, whose matrix becomes nearly linearly dependent be-
cause their last two columns are very similar to each other, the LISTb matrix
becomes linearly dependent from the rows: now it is the last two rows that
are nearly identical to each other. Interestingly, because of the asymmetric
nature of the solutions for the LIST equations, a linear dependency from the
rows is not nearly as problematic as a linear dependency from the columns.
This will be explained in more detail in Section 2.3.2.

2.3 Generalized LIST methods

In this section, we will introduce a generalized series of methods of which
LISTd, LISTi, and LISTb are special cases. This framework will be similar
to that of DIIS, in the sense that we will be minimizing an error vector, Eq.
(2.4), but, like the three aforementioned LIST methods, the error vector will
be defined from intra-iteration quantities. That is, the error vector will be
defined from the difference between the “in” and “out” quantities from the
same iteration. All these methods lead to a matrix equation of the form:

0 −1 −1 . . . −1
−1 a11 a12 . . . a1m

−1 a21 a22 . . . a2m
...

...
...

. . .
...

−1 am1 am2 . . . amm


︸ ︷︷ ︸

A


λ
c1

c2
...
cm


︸ ︷︷ ︸

C

=


−1
0
0
...
0


︸ ︷︷ ︸

O

, (2.41)

with different definitions of the matrix elements.
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The coefficients ci are then used as expansion coefficients for a new guess of
the density and Fock matrices using

Din
i+1 =

∑
k

ckD
out
k (2.42)

Fin
i+1 =

∑
k

ckF
out
k , (2.43)

which are used in the SCF cycle according to Fig. 2.1.
One possible definition of the error vector is the intra-iteration difference
between input and output density matrices, that is

ei = Dout
i −Din

i , (2.44)

which results in the dDIIS method. It leads to Eq. (2.41) with the matrix
elements of matrix A given by

aij = 〈(Dout
i −Din

i )(Dout
j −Din

j )〉 . (2.45)

Another possibility, coined as the fDIIS method, is to use the difference
between input and output Fock matrices to define the error vectors, that is

ei = Fout
i − Fin

i . (2.46)

This method resembles the original implementation of DIIS, [59, 69], but
this method uses the intra-iteration Fock matrices instead of using the “out”
Fock matrices from different iterations. In this method the matrix elements
are given by

aij = 〈(Fout
i − Fin

i )(Fout
j − Fin

j )〉 . (2.47)

Another possibility is to use the Hartree potential matrices VH, which are
the matrix elements of the potential 1

r12
with respect to the basis functions,

that is

Vµν =
∑
λ,σ

Dλσ

∫
[dr1dr2φ

∗
µ(r1)φ∗ν(r1)r−1

12 φ
∗
σ(r2)φ∗λ(r2) . (2.48)

With this definition, the error vector is defined as

ei = Vout
H,i −Vin

H,i . (2.49)
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Method Definition

LISTd 〈(Dout
j )(Fout

i − Fin
i )〉

LISTi 〈(Dout
j −Din

j )(Fout
i − Fin

i )〉
LISTb 〈(Dout

i )(Fout
j − Fin

j )〉
LISTf 〈(Fin

i )(Fout
j − Fin

j )〉
LISTr 〈(Dout

i −Din
i )(Vout

H,j −Vin
H,j)〉

fDIIS 〈(Fout
i − Fin

i )(Fout
j − Fin

j )〉

Table 2.1: LIST methods to be discussed in this thesis and their matrix
elements.

The resultant hDIIS method has matrix elements of A given by

aij = 〈(Vout
H,i −Vin

H,i)(V
out
H,j −Vin

H,j)〉 . (2.50)

Since the Roothaan-Hartree energy is always semi-positive definite [15] and
approaches zero upon SCF convergence, we can also use the intra-iteration
Roothaan-Hartree energy as our error vector, that is

min
{ci}

{〈
∆D

∣∣∣∣ 1

r12

∣∣∣∣∆D

〉
, ∆D =

m∑
i

ci(D
out
i −Din

i ),

m∑
i

ci = 1

}
,

(2.51)
which yields the LISTr method, with the matrix elements of A defined by

aij = 〈(Dout
i −Din

i )(Vout
H,j −Vin

H,j)〉 . (2.52)

All aforementioned methods share the same form for matrix A, 〈∆X ·
∆Y〉, where ∆X and ∆Y can be any intra-iteration differences of den-
sity, Fock, and Hartree matrices. Alternatively, instead of invoking a least
square minimization, we may want to minimize the ∆X error weighted by an
iteration-dependent quantity Y. To achieve this, we can simply project the
iterative error quantities {∆X} into the series of vectors {Y} and require
all resultant error gauges to approach zero uniformly, 〈Y ·∆X〉 → 0. This
procedure again leads to Eq. (2.41) with matrix elements of A of the form
〈Yi∆Xj〉. Since ∆Xj can be (Dout

j −Din
j ), (Fout

j − Fin
j ), or (Vout

H,j −Vin
H,j),

and Yi can be Din
i , Dout

i , Fin
i , Fout

i , Vin
H,i, or Vout

H,i , there are 18 possible
combinations in total. We will only be reporting the best performing com-
binations. A summary of the methods that will be discussed in the results
section is shown in Table 2.1.
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2.3.1 Equivalence to LISTb

At first sight, none of these methods resembles LISTb, as this one obviously
have the EHKS[Dout

i ], and also contain a term of the form Dj −Dout
i , which

depends on the Fock matrices between different iterations. We will show,
however, that the method with matrix elements 〈Dout

i ∆Fj〉 is equivalent to
LISTb. To simplify the analysis, we rewrite the matrix elements of LISTb
(Eq. 2.40) as:

aij = dj +
1

2
bij , (2.53)

where

dj = EHKS
j [Dout

j ]− 1

2
〈Dout

j (Fout
j − Fin

j )〉 , (2.54)

and
bij = 〈Dout

i (Fout
j − Fin

j )〉 . (2.55)

Note that dj is simply a constant term added to each column (albeit a
different constant for each column). Then, for matrix A, subtracting dj
from the column containing ajj is equivalent to adding the dj multiples of
the first column of A. Such an elementary matrix operation does not change
the value of the determinant of A. Next, let us consider the coefficients {ci},
which are given by Cramer’s rule [58]

ci =
|Ai|
|A|

, (2.56)

where |A| is the determinant of matrix A and |Ai| is the determinant of the
ith associate matrix formed by replacing the column containing aii in A by
vector O in Eq. (2.7), for instance, for cm−1,

|Am−1| =

∣∣∣∣∣∣∣∣∣∣∣

0 −1 . . . −1 −1 −1
−1 a11 . . . a1(m−2) 0 a1m

−1 a21 . . . a2(m−1) 0 a2m
...

...
. . .

...
...

...
−1 am1 . . . am(m−2) 0 amm

∣∣∣∣∣∣∣∣∣∣∣
= (−1)m

∣∣∣∣∣∣∣∣∣
−1 a11 . . . a1(m−2) a1m

−1 a21 . . . a2(m−1) a2m
...

...
. . .

...
...

−1 am1 . . . am(m−2) amm

∣∣∣∣∣∣∣∣∣ .
(2.57)
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Again, our aforementioned elementary matrix operation does not change the
value of |Ai| (for all i > 0) either. Therefore, we can replace aij by bij in
Eq. (2.7) and still obtain the same coefficients {ci} for LISTb, only with
a different value of the Lagrange multiplier λ (because of the altered value
of |A0|), which is no longer equal to the total energy. In the rest of the
paper, LISTb is understood as the LIST method implemented with matrix
elements of A defined as {bij} in Eq. (2.55). Repeating this procedure for
the method with matrix elements 〈Dout

j ∆Fi〉 shows that it is not equivalent
to LISTd. In this case, we have an extra constant added to each row, which
does not change the determinant of A, but does change the determinant of
Ai.

2.3.2 Analysis of linear dependencies

We will now why methods with matrix elements of the form 〈Xout
j ∆Yi〉 lead

to convergence failures while methods with the transposed form 〈Xout
i ∆Yj〉

avoid this problem. Methods of the later type include LISTb (〈Dout
i ∆Fj〉)

and LISFf (〈Fout
i ∆Fj〉).

Let us start by manipulating |Ak| in Eq. 2.57 a few more steps to reveal
its order of magnitude. Repeatedly subtracting the (k − 1)th row from the
kth row sequentially from the last row to the second row in ascending order,
we find

|Ak| =

∣∣∣∣∣∣∣∣∣
−1 a11 . . . a1(k−1) a1(k+1) . . . a1m

−1 a21 . . . a2(k−1) a2(k+1) . . . a2m
...

...
. . .

...
...

. . .
...

−1 am1 . . . am(k−1) am(k+1) . . . amm

∣∣∣∣∣∣∣∣∣ (2.58)

=

∣∣∣∣∣∣∣∣∣
−1 a11 . . . a1(k−1) a1(k+1) . . . a1m

0 d21 . . . d2(k−1) d2(k+1) . . . d2m
...

...
. . .

...
...

. . .
...

0 dm1 . . . dm(k−1) dm(k+1) . . . dmm

∣∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣∣∣∣
d21 . . . d2(k−1) d2(k+1) . . . d2m

d31 . . . d3(k−1) d3(k+1) . . . d3m
...

. . .
...

...
. . .

...
dm1 . . . dm(k−1) dm(k+1) . . . dmm

∣∣∣∣∣∣∣∣∣ , (2.59)

where the elements dki are are given by and have the order:

dij = 〈(Xout
i −Xout

i−1)(Yout
j −Yin

j )〉 ∝ O(δi∆j) , (2.60)
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where δ represents an inter-iteration difference while ∆ represents an intra-
iteration difference.

Therefore, row i of |Ak| has a common factor of order of magnitude δi,
whereas column j has a common factor of order of magnitude ∆j . As a
result, we derive the order of magnitude for |Ak| as

|Ak| ∝ O

( m∏
i=2

δi

) m∏
j=1

∆j

/∆k

 , (2.61)

which further yields the ratio of the order of magnitude of all coefficients,

c′1 : c′2 : · · · : c′m ∼ O
(

1

∆1

)
: O
(

1

∆2

)
: · · · : O

(
1

∆m

)
. (2.62)

Since ∆ should decrease close to convergence, the later terms in Eq. (2.62)
are given more weight than the earlier terms. This is roughly what we want,
as we expect that on average every iteration is better than the ones preceding
it. We now compare this to what happens when the matrix elements have
the transposed form 〈Xout

j ∆Yi〉.
For the 〈Xj(Y

out
i −Yin

i )〉 case, first part of the argument is exactly the
same, so the determinant of Ak is still given by Eq. 2.58. The difference is
that in this case, the elements dij are given by

dij = 〈Xj(∆Yi −∆Yi−1)〉 ∝ O(δ(∆j)) . (2.63)

where ∆Yk = Yout
k −Yin

k .
The order of the determinant of the matrix |Ak| is then

|Ak| ∝ O

(
m∏
i=2

(δ(∆i))

) m∏
j=1

|Xj |

/
|Xk|

 . (2.64)

this means that the ratio between cm−1 and cm is:

cm−1 : cm ∼
1

|Xm−1|
:
−1

|Xm|
(2.65)

because |Xm−1| and |Xm| become very similar close to convergence, these
two coefficients have very similar magnitudes and opposite signs. But this
is an undesirable result, as this means that the contribution for the last two
iterations essentially cancels out. If this is repeated iteration after iteration,
it is clear that there won’t be any progress in convergence in this case, and
the whole calculation will fail to converge.
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2.4 Implementation

All methods described in the previous section have been implemented in
NWChem 6.0 [70] and ADF 2016 [71] program packages and tested nu-
merically. We implemented the methods in NWChem ourselves, while Dr.
Alexei and his team implemented them in ADF. LISTr was not implemented
in ADF. We will be reporting here only the four best performing LIST meth-
ods. Out of the methods of least square minimization type, we will focus
on fDIIS and LISTr. Out of the second error-projection type, we will tar-
get LISTf with matrix elements 〈Fin

i ∆Fj〉 and LISTb with matrix elements
〈Dout

i ∆Fj〉.
For open-shell systems, we formed a single LIST matrix by adding α and

β spin contributions and used the resulting single set of expansion coefficients
for the expansions of Fock and density matrices of both spins.

For all systems studied (unless otherwise specified), we adopted a vari-
able length scheme (VLS) for the expansions in Eqs. (2.43) and (2.42):
the expansion length starts small at the beginning of the calculation and
becomes larger near convergence. Specifically, for the NWChem implemen-
tation, the maximum expansion length starts at five. Once the number
of iterations reaches five, it increases by one, up to a maximum expansion
length of 10, only when the iteration length is smaller than −2log10|DRMS|,
where DRMS is the root mean square difference between Dout

i and Din
i . We

found that for small systems, VLS is more robust than using a fixed length
throughout the calculation. For the larger system, a graphene sheet with
a tetrahedral cobalt cluster on top, a fixed expansion length of 15 is more
effective. For the ADF implementation the procedure is similar, except that
we use the largest element of the commutator [Dout,Fout] instead of DRMS.
ADF lets us work with larger systems that NWChem. For some of these
cases, we also try an expansion vector of size 20. Two other important dif-
ferences between NWChem and ADF are the basis sets they use and the way
they calculate the energies. NWchem uses Gaussian basis sets while ADF
uses Slater basis sets. NWChem calculates the total energy of the molecule
(which includes the kinetic and potential energy of all electrons plus the
internuclear potential energy) using the EHKS functional, while ADF calcu-
lates only the bonding energy: the energy difference between the energy of
the free atoms and the energy of the atoms in the molecule. More details on
how ADF calculates energies can be found in references [71] and [72]. Since
ADF is calculating only the bonding energy, the reported energies are much
smaller in magnitude than those of NWChem.

To go beyond the four best performing LIST methods, namely fDIIS,

53



2.5. Results

LISTf, LISTr, and LISTb, we also explored a combined scheme of these four
LIST methods and DIIS to deliver better performance than any individual
stand-alone method for all systems we have studied. To devise the optimal
combination, at every SCF step, we built a LIST or DIIS matrix according
to Eq. (2.7) for each method. We formed Din

i and Fin
i from the expansion co-

efficients {ci} using Eqs. (2.43) and (2.42), diagonalized Fin
i to obtain Dout

i ,
and calculated DRMS. We then chose the method that produced the small-
est absolute value of DRMS to build Fout

i from Dout
i . This combined scheme

will be referred as the minimal error sampling algorithm (MESA) hereafter.
Note that while MESA requires solving the Kohn-Sham equations multiple
times at every SCF step, but it affects very little on the overall computa-
tional cost of an SCF calculation, simply because the cost of diagonalizing
the Fock matrix Fin

i is negligible compared to the cost of building Fout
i from

four-center integrals. In our implementation of all methods, building Fout
i

from Dout
i is performed only once per SCF step. For NWChem, MESA in-

cludes fDIIS, LISTb, LISTf, LISTr, and DIIS. In ADF, we used two different
versions of MESA. MESA-1 uses fDIIS, LISTb, and LISTf. MESA-2 uses
DIIS in addition to these 3. In NWchem, we only compare our methods
against DIIS, as this is the only SCF acceleration algorithm available in this
package. For ADF, we also provide a comparison with the ADIIS method,
which is implemented natively in the program. We are not using ADIIS by
itself, rather, we use ADIIS at the beginning of the calculation and switch
to DIIS as we approach convergence. This is the recommended way of using
ADIIS and is the default SCF acceleration technique used in ADF.

2.5 Results

2.5.1 NwChem Implementation

In NWChem 6.0 we benchmarked the different methods against DIIS. We
evaluated the Hohenberg-Kohn-Sham (HKS) energies [43] to benchmark the
performance of SCF convergence and plotted the results in Figs. (2.4 - 2.7).
We did not use any other SCF acceleration techniques, such as level-shifting
or damping, unless otherwise noted.

We tested all methods on a collection of representative chemical systems.
The geometries of the less common systems are provided in the appendix.
Except for the cadmium-imidazole system, the initial guess for all systems
was a linear superposition of atomic densities. We used spherical d -functions
for systems treated with the LANL2DZ basis set, [73, 74] and Cartesian
d -functions for all other cases. For all calculations, convergence is reached
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when DRMS is smaller than 10−8 a.u. and the HKS energy difference between
two consecutive iterations is smaller than 10−11 Hartrees. Images of the
systems studied are shown in Figs. [2.1 - 2.3].

A system of three benzenes in a doublet state with an overall charge of
+1 was kindly suggested by Professor Shridhar Gadre from the Indian Insti-
tute of Technology at Kanpur. This system was studied at the B3LYP[75]
level of the theory with the aug-cc-PVDZ[76] basis set. Figure (2.4a) shows
that MESA, DIIS, LISTb, and LISTr share a very similar performance (53
iterations for MESA, 55 for DIIS, LISTb, and LISTr). LISTf and fDIIS have
the worst performance here: Neither of these methods converges within 100
iterations.

The second studied system was a Buckminsterfullerene molecule (Car-
bon 60). This system was treated at the B3LYP level of theory with the
aug-cc-PVDZ basis set. As shown in Fig. (2.4b), all the methods behave
very similarly. Due to computational constraints, it was not possible to
carry more than 20 SCF iterations for this system in NWChem. After this
number of iterations, all methods converged the energy to the order of 10−9

Hartrees, short of our target of 10−11. It is also clear that convergence hap-
pened mainly within the first ten iterations, after which the energy difference
between iterations does not improve anymore, which seems to suggest that
increasing the number of iterations would not help for this system.

The cadmium-imidazole cation, [77] [Cd(Im)]2+, is a challenging system
for the DIIS algorithm when a core Hamiltonian is used as the initial guess.
[64] We used the same initial guess and took the same Cs geometry of the
molecule from Ref. [64]. We did these calculations at the B3LYP/3-21G [21]
level of theory. As shown in Fig. (2.4c), DIIS does not converge after 100
steps. All LIST methods show satisfactory performance, with LISTr being
the fastest at 22 steps and fDIIS the slowest with 28 steps. MESA displays
a convergence comparable to LISTr, with 22 steps.

We then studied a chromium carbide molecule, CrC, with its optimized
bond length of 1.547 Å, which is different from the 2.0 Å bond length used
in Refs. 63 and 78. This system was treated at the B3LYP/6-31G [23]
level of the theory. As shown in Fig. (2.4d), most methods have a similar
performance, with LISTb being the fastest at 18 iterations, and fDIIS the
slowest at 26 iterations. MESA is slower than LISTb, converging at 20
iterations, but is faster than all the other methods.

A rhodium complex [77] was also considered. This system was treated
at the B3LYP level with the LANL2DZ basis set [74] with pseudopotentials
on the rhodium and chlorine atoms. As shown in Fig. (2.5a), DIIS performs
much better than the LIST methods: DIIS converges in 25 steps, while the
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(a) 3 Benzenes (b) Buckminsterfullerene

(c) cadmium-imidazole cation (d) Rhodium Complex

Figure 2.1: Images of the systems used for the SCF acceleration tests

56



2.5. Results

(a) Ru4CO (b) H−SiH3

(c) UF4 (d) UF6

Figure 2.2: Images of the systems used for the SCF acceleration tests
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(a) UCl6 (b) VOCl3

(c) V−O (d) Cl−VOCl2

Figure 2.3: Images of the systems used for the SCF acceleration tests
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LIST methods converge in 32-37 steps. MESA successfully follows most of
the trajectory of DIIS and also converges in 25 steps.

Ru4CO is a Cs ruthenium complex [64] which has been previously used
to study CO absorption in transition metal complexes. [64, 79] This system
was also treated at the B3LYP/LANL2DZ level of the theory, with a pseu-
dopotential on the ruthenium atom. Figure (2.5b) shows the calculation
performed with the default initial guess of linear superposition of atomic
densities. Convergence behaviours are similar to those of the rhodium com-
plex: DIIS is faster than all LIST methods, and MESA closely follows DIIS.
In this particular case, DIIS and MESA converge in 33 and 31 steps, re-
spectively, while various LIST methods converge in 33-42 steps. However,
fDIIS and LISTb converge to a lower energy, which was reported in Ref. 78.
The issue here is that this closed shell wave function is unstable for this
system and the actual ground state is a higher spin state. To reach a lower
singlet state, we first calculated the triplet state and then used the con-
verged triplet state wavefunction as the initial guess to perform an open
shell singlet calculation. With this procedure, all methods (except fDIIS,
which showed anomalous behaviour) converged to the same lower energy.
Figure (2.5c) shows the results for the triplet state, where DIIS and MESA
give the best performance (45 steps), while fDIIS is by far the slowest at
66 iterations. Figure (2.5d) shows the results for the singlet ground state,
where all methods (except fDIIS) perform similarly (41-48 iterations), and
LISTb is slightly faster, four steps ahead of MESA. fDIIS is much slower,
converging after 77 iterations.

H−SiH3 is a triangular pyramidal (C3v) silane molecule with one elon-
gated Si−H bond and is an example of a system far away from its equilibrium
geometry. The three regular and the elongated Si−H bond lengths were 1.47
Å and 4.00 Å, respectively. This system was evaluated at the SVWN5/6-
31G* level of theory, the same as that in Ref. 48. This is another system
where the LIST methods significantly outperform DIIS (Fig. (2.6a)): DIIS
converges after 69 steps, while LISTr, the fastest among all LIST methods,
converges in only 20 steps. LISTf, fDIIS, and LISTb converge in 29 or 30
steps. MESA is even faster than LISTr, converging in merely 17 steps.

We also tested a set of uranium-halide complexes, with the uranium at
the center. UF4 is a tetrahedral Td molecule with a bond length of 1.98 Å.
[63] UF6 is an octahedral Oh molecule with the same bond length. UCl6 is
also an octahedral molecule, with bond length equal to 2.39 Å. Calculations
on UCl6 were performed without the restriction of the point group sym-
metry. All such uranium systems were evaluated at the B3LYP/LANL2DZ
level of theory with the core electrons of uranium and chlorine represented
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by pseudopotentials, and the results are shown in Figs. (2.6b-d) and (2.7a).
For all these cases, DIIS is unable to converge after 300 steps. For calcu-
lations of singlet UF4 (Fig. (2.6b)), fDIIS and MESA have achieved the
fastest convergence in 20 steps. All LIST methods can successfully converge
this system, with LISTf, LISTr, and LISTb taking 23, 30, and 35 steps,
respectively. Figure (2.6c) shows that the triplet state of UF4 again has a
lower energy than the singlet state. In this case, fDIIS and MESA have
the fastest convergence, with 19 and 20 steps, respectively. Again, all LIST
methods are capable of converging this system in less than 38 steps. We
are aware that the energies we reported here are much higher than those in
Ref. 78. Such a discrepancy is a result of the different software employed
(NWChem vs. Gaussian) and is not an ill-behavior of the LIST methods,
because DIIS (as implemented in NWChem 6.0) can converge, when aided
by level shifting, to the same energy as that of the LIST methods. For
UF6 and UCl6, their triplet states have higher energies than their singlet
states, so the results are not shown here. For the singlet state of UF6 (Fig.
(2.6d)), the fastest convergence is achieved by MESA, with 20 steps, closely
followed by LISTf (21 steps) and fDIIS (23 steps). For UCl6 (Fig. (2.7a)),
it is slightly different from other systems in the sense that all atoms were
treated by pseudopotentials and the point group symmetry was not imposed.
Still, the general trend observed thus far still holds: DIIS fails to converge
this system, while all LIST methods can successfully bring full convergence.
The fastest performance is offered by MESA, with convergence in 24 steps,
whereas fDIIS and LISTr score the fastest single-method performance, with
31 steps.

Finally, we tested a vanadium complex, VOCl3, whose geometry can be
found in the appendix. We tried three different geometries of this complex:
1) the optimized ground-state geometry, 2) the geometry in which the V−O
bond is extended to twice its optimized length (referred as O−VCl3), and
3) the geometry in which one of the V−Cl bonds is extended to twice its
optimized length (denoted as Cl−VOCl2). Fig. (2.7b) shows the results for
VOCl3. All methods perform similarly, and MESA is slightly faster at 19
steps. As in H−SiH3, the superiority of the LIST methods is fully revealed
when the equilibrium geometry is distorted, in this case, by elongating a
bond. For O−VCl3 (Fig. (2.7c)), DIIS refuses to converge even after 200
steps. LISTf and LISTb can successfully converge this system in 35 and 37
steps, respectively. MESA exhibits a slightly faster performance, converging
the system in 32 steps. Similarly, for Cl−VOCl2 (Fig. Fig. (2.7d)), DIIS
also fails to converge, whereas MESA is the fastest with 30 steps, followed
closely by LISTr and fDIIS.
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Figure 2.4: SCF energy convergence for DIIS and the various LIST methods. The
y-axis is the logarithm of the difference between the current EHKS energy and the
one from the previous iteration. The method, basis set and wave-function input
guess are specified in the figure. E represents the ground state energy.
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Figure 2.5: SCF energy convergence for DIIS and the various LIST methods. The
y-axis is the logarithm of the difference between the current EHKS energy and the
one from the previous iteration. The method, basis set and wave-function input
guess are specified in the figure. E represents the ground state energy.
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Figure 2.6: SCF energy convergence for DIIS and the various LIST methods. The
y-axis is the logarithm of the difference between the current EHKS energy and the
one from the previous iteration. The method, basis set and wave-function input
guess are specified in the figure. E represents the ground state energy.
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Figure 2.7: SCF energy convergence for DIIS and the various LIST methods. The
y-axis is the logarithm of the difference between the current EHKS energy and the
one from the previous iteration. The method, basis set and wave-function input
guess are specified in the figure. E represents the ground state energy.
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2.5.2 ADF Implementation

In ADF, we tested nine different systems. The first four were already ex-
plored in NWChem. These are the three benzenes complex, the H−SiH3

silane molecule, the Ru4CO ruthenium complex and the tetrahedral UF4

molecule. Due to the different capabilities of ADF, they were treated in
different conditions than in NWChem. In particular, ADF uses Slater basis
sets, while NWChem uses Gaussian basis sets. A description of all the basis
sets used in ADF calculations can be found in Ref. [80]. The purpose of this
work is not to compare the convergence speed between different software,
but to show the generality of our methods in the sense that they can signif-
icantly speed up SCF calculations with respect to other available methods
irrespective of the theoretical background of the software in which they are
implemented. Unless otherwise indicated, all ADF calculations were per-
formed using the frozen core approximation [70]. Images of the additional
systems are shown in Fig. [2.8].

In this case, the three benzene system is treated with the B3LYP [75]
functional and triple-zeta polarized (TZP) basis set. It’s convergence is
shown in Figure (2.9a). DIIS, LISTf, fDIIS, MESA-1, and MESA-2 share
a very similar performance (28-30 iterations). LISTb is a bit slower with
33 iterations, and ADIIS is even slower at 42 iterations. However, ADIIS
converges to a little lower energy.

The silane molecule is treated with the VWN local density functional
[38] and the TZP basis set. Shown in Fig. (2.9b), it can be seen that
DIIS is by far the slowest to converge, doing so in 61 iterations (out of the
scale of the figure). LISTb is the fastest method to converge, doing so in
14 iterations. The MESA-1, MESA-2, LISTf, and fDIIS have a somewhat
similar performance, converging in 15, 17, 18 and 19 iterations, respectively,
while fDIIS is slower at 30 iterations.

For the Ru4CO molecules we used the BLYP functional with a dou-
ble zeta (DZ) basis set. The Zero Order Regular Approximation (ZORA)
[81, 82] was used to take into account some relativistic effects. We should add
that this molecule is only challenging to converge when we use the ZORA rel-
ativistic approximation; without this correction it converges pretty smoothly
and there is no significant difference between the different methods, so we
did not include that case in here. Fig. (2.9c) shows the convergence of the
system with an expansion vector (the number of Fock and Density matrix
kept from previous iterations) of 10. DIIS and LISTf did not converge af-
ter 300 iterations. MESA-1 is by far the fastest method, converging in 180
iterations. Following are ADIIS and LISTb, converging in 224 and 231 iter-
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(a) Cobalamin (Gold Compound) (b) Cobalamin (Vitamin B12)

(c) Ti2O4

(d) titanium tetrachloride next to a
magnesium chloride crystal

(e) 29 alanine molecules

Figure 2.8: Images of the systems used for the SCF acceleration tests
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ations, respectively. Besides, they converge to a higher energy with respect
to MESA1. Finally, MESA-2 and fDIIS converged the slowest at 274 and
283 iterations, respectively. MESA-2 converged to the same lowest energy
as MESA-1, while fDIIS converged to a higher energy. In Fig. (2.9d) we
increased the expansion vector to 20, which in some cases helps for difficult
to converge cases. In this case, ADIIS and all the single LIST methods
failed to converge in 300 iterations. DIIS converged in 184 iterations, while
MESA-1 and MESA-2 converged in 104 and 119 iterations, respectively, a
significant improvement with respect to using a size ten history vector. DIIS
also converged to an energy slightly higher than that of the MESA methods.

For UF4 we used the same calculation parameters as for Ru4CO, that
is, the BLYP functional with a double zeta (DZ) basis set with the ZORA
approximation and a DZ basis set. For this molecule, (Fig. (2.10c)) all
the single methods (DIIS, ADIIS, LIST) converged in 161-164 iterations.
The MESA methods provide a dramatic improvement here, converging in
26 (MESA-1) or 16 (MESA-2) iterations. The different methods converge to
different local minima: fDIIS, LISTb, LISTf, and MESA-1 converged to a
lower energy, while ADIIS, DIIS, and MESA-2 converged to a higher energy.
We then increased the history vector length to 20 (Fig. (2.10d)). In this
case, increasing the vector size length does not help to converge any faster.
The only difference is that now ADIIS finds the lower energy state, while
LISTb converged to the higher energy state.

The other five systems were explored only in ADF, as these were larger
systems that we could not run successfully on NWChem. The first of these
is a charged gold compound with a total charge of -1, whose geometry can be
found in the appendix. This compound was treated with the Becke exchange
functional [39] and the Perdew correlation functional [40], with a TZP basis
set. Relativistic effects were included using the ZORA approximation. For
this complex, Fig. (2.10a), DIIS is the slowest method to converge, doing go
in 144 iterations. Somewhat faster to converge are LISTb, LISTf, and fDIIS,
converging in 57, 62 and 66 iterations, respectively. The fastest methods to
converge are the MESA-1, MESA-2 and ADIIS methods, which converge in
35, 37 and 41, respectively. In this case, though, even if the MESA methods
are the fastest, they converged to a state with a little higher energy than
the rest of the methods.

The second of these systems is a cobalamin (Vitamin B12) molecule. For
this, we used the local VWN functional, with a triple-zeta polarized (TZP)
molecule on the cobalt atom, and a double-zeta polarized (DZP)basis set for
all other atoms. Fig. (2.10b), shows that, again, DIIS is by far the slowest
method to converge, converging in 118 iterations. All the other methods
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converge in between 35 and 70 iterations, with fDIIS being the slowest at
67 iterations, and the MESA methods being the fastest, with MESA-1 con-
verging in 35 iterations while MESA-2 converges in 39 iterations.

The titanium complex Ti2O4 [83] was treated with a VWN local func-
tional with gradient corrections given by the Becke exchange functional and
Perdew correlation functional, together with a DZ basis set. The conver-
gence performance of this system Fig. (2.11a) is very similar to that of
cobalamin. DIIS is the slowest method to converge, doing so in 73 iter-
ations. All the other methods converge between 35 and 15 iterations. In
particular, ADIIS converges in 22 iterations. The fastest method to converge
is MESA-2, which converges in only 16 iterations.

The next system is a tetrahedral titanium tetrachloride molecule placed
next to a magnesium chloride crystal. It was treated with a DZP basis set
and the same density functional as those used for Ti2O4. This molecule
is very challenging to converge for most methods Fig. (2.11b). DIIS does
not converge after 300 iterations. All the other single methods, ADIIS,
LISTb, LISTf, and fDIIS, converged only after 163 - 169 iterations. The
MESA methods show a dramatic improvement in this regard: MESA-1 and
MESA-2 converged in only 29-31 iterations, respectively.

Our final system, a polypeptide containing 29 alanine molecules, was
modeled using the VWN linear density approximation and an all-electron
double-zeta polarized basis set. (That is, the frozen core approximation was
not used). This molecule showed a behaviour very similar to that of Ti2O4:
All methods converge to the same energy, with all the single methods taking
169-183 iterations to converge, while the MESA methods are noticeable
faster: MESA 1 converged in 50 iterations, while MESA 2 converged in 26
iterations (Fig. 2.11c). We also tried increasing the history vector size to
20, but in this case it did not make much of a difference (Fig. 2.11d).
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Figure 2.9: SCF energy convergence for ADIIS, DIIS and the various LIST
methods. The y-axis is the logarithm of the largest element of the commutator
[Dout,Fout]. The method and basis set are specified in the figure. E represents the
ground state energy. In c), 10 previous iterations were stored for the LISt methods,
while in d), 20 iterations were stored.
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Figure 2.10: SCF energy convergence for ADIIS, DIIS and the various LIST
methods. The y-axis is the logarithm of the largest element of the commutator
[Dout,Fout]. The method and basis set are specified in the figure. E represents the
ground state energy. In c), 10 previous iterations were stored for the LISt methods,
while in d), 20 iterations were stored.
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(c) PolyAlanine
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(d) PolyAlanine-20

Figure 2.11: SCF energy convergence for ADIIS, DIIS and the various LIST
methods. The y-axis is the logarithm of the largest element of the commutator
[Dout,Fout]. The method and basis set are specified in the figure. E represents the
ground state energy. In c), 10 previous iterations were stored for the LISt methods,
while in d), 20 iterations were stored.
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2.5.3 Discussion

Our results show that the LIST methods, and MESA methods in particular,
are very promising methods that can help with SCF convergence in difficult
cases. Unfortunately, at the moment, we do not have a strong theoretical
justification for why some single methods are better than others. To answer
this question, one would need to understand why some systems converge so
easily while other systems are so difficult to converge. The most influential
factors that determine the ease of convergence are the shape of the potential
energy surface in the basis functions phase space and the quality of the initial
guess.

A potential energy surface that has a deep local minimum should con-
verge faster than a potential energy surface that has multiple shallow min-
ima. Also, if our initial guess falls in a relatively flat region of the potential
energy surface, we may have trouble bringing the system to convergence.
In practice, however, we do not know a priori how the shape of the poten-
tial energy surface, which preclude us predicting whether a system will be
easy or challenging to converge. In fact, the same system can have wildly
different convergence behavior depending on the functional or the basis set
used. Unfortunately, this precludes from deriving general conclusions about
our methods based on solid theoretical arguments, so we limit ourselves to
recommend them based on the empirical evidence that they accelerate con-
vergence in a wide variety of cases where the currently established methods
do not work. There is an interesting point to make in this regard. Some of
our methods, particularly fDIIS, are similar to the first implementation of
DIIS, the main difference being that we are using the intra-iteration quan-
tity Fout

m − Fin
m, while the original DIIS uses the inter-iteration quantity

Fout
m+1 −Fout

m . The updated DIIS, which today is the most common conver-
gence acceleration method, uses the quantity ei = Fout

i Dout
i S − SDout

i Fout
i

as the error vector. This quantity has a supposedly firmer theoretical back-
ground than a simple Fock matrix difference, as this quantity is related to
the orbital rotation gradient, as explained in section 2.1.3. However, our em-
pirical calculations show that a method like fDIIS converges in many cases
where DIIS does not. We are at the moment unable to produce a theoretical
justification of this fact, but we may speculate that the supposed concep-
tual superiority of the modern DIIS implementation has been overstated,
and that there is still a lot to explore on the theory side of things for this
challenging minimization problem.

On more practical terms, there is some pattern as to which systems are
particularly problematic for DIIS. In NWChem, this often happens for sys-
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tems that are away from their equilibrium geometry, and for uranium com-
pounds. Of the first type, we have H−SiH3 (Fig. 2.6a), and the distorted
vanadium complexes: O−VCl3 (Fig. 2.7c) and Cl−VOCl2 (Fig. 2.7d). Out
of uranium compounds, we have UF4 (Fig. 2.6b, 2.6c), UF6 (Fig. 2.6d) and
UCl6 ((Fig. 2.7a). In all of these systems, all of the LIST methods work (ex-
cept LISTr in O−VCl3), while MESA converges even faster than any single
LIST method. In ADF, we found several systems in which DIIS does not
converge. We have the same H−SiH3 molecule (Fig. 2.9b), the Ru4CO (Figs.
2.9c, 2.9d) and UF4 (Figs. 2.10c, 2.10d) complexes when calculated with
a relativistic approximation, the cobalamin molecule (Fig. 2.10b), Ti2O4

(2.11a), the magnesium chloride crystal (2.11b) and the polypeptide shown
in Fig. (2.11d). In many of these cases, the ADIIS + DIIS combination used
by ADF represents a great improvement over DIIS, but not in all. In par-
ticular, we found several systems, namely UF4, magnesium chloride and the
alanine polypeptide where the MESA methods converge 5-10 times faster
than any of the single methods.

We can speculate that the great success of MESA merely is because it can
avoid falling into a linear dependence trap that any single method might suf-
fer. In general, if the solution of Eq. (2.7) is such that two of the expansion
coefficients are very big but with opposite signs and the other coefficients are
minimal in magnitude, the SCF acceleration method inherently produces a
“new” initial guess almost identical to the two previous linearly dependent
iterative quantities. If this happens, a single method can barely improve the
convergence from this point onward, because every subsequent step will dip
into virtually the same pool of previous iterative quantities to build a “new”
linear combination for the initial guess. This problem is often treated by
resetting DIIS or LIST, but the restarting procedure most likely will indis-
criminately delete good previous iterative quantities that may still be useful
to accelerate the convergence. On the other hand, it is highly unlikely that
several different SCF accelerating methods utilizing different error measures
will experience the same ill behavior at the same time. Our numerical re-
sults of MESA support the claim that the gauge we use to select the best
performing method can successfully avoid the linear dependence traps along
the SCF trajectories guided by individual stand-alone methods. Although
MESA does increase the complexity of the code, the computational cost is
only trivially increased, as the most expensive part of an SCF cycle, namely
building the Fock matrix Fout, is done only once per iteration.

Finally, all of these methods are prone to find higher energy local minima.
Both established algorithms like DIIS and ADIIS and our methods suffer
from this problem for specific systems, causing different methods to converge
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to different energies for particularly challenging systems. We did not notice
any trend about any method suffering particularly in this regard; if we want
to avoid converging to higher energy local minima, it seems that a careful
selection of the initial guess is more important than the choice of an SCF
acceleration algorithm. Future research could lead light into algorithms
that not only accelerate SCF convergence, but also actively avoid falling
into shallow local minima.
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Chapter 3

Population Analysis

In quantum chemistry, a molecule is described by the nuclei, which are mod-
eled as point charges, surrounded by the electron cloud, which is modeled
as a probability charge density ρ(r). The concept of a bond (single bond,
double bond), so commonly used in traditional chemistry, has no discernible
meaning in quantum chemistry. In this section, we will show how these
traditional chemistry concepts can be described in terms of quantum chem-
ical quantities. In particular, we will concentrate on the concept of partial
atomic charge. We know that the nucleus has a positive charge, while the
electrons are negative. The partial atomic charge is the charge of the nu-
clei minus the charge of the electrons associated with that nuclei. However,
there is no unique way to assign electrons to a specific nucleus. In this chap-
ter, we will review several methods that are commonly used to achieve this
goal. This partitioning of the electron density into the various atoms of the
molecules is called population analysis.
There are three types of population analysis:
1) Partitioning the wave function in terms of the basis functions.
2) Electric Potential fitting schemes
3) Partitioning the electron density in space.

3.1 Population analysis based on basis functions

Starting with Eq. (1.53) for the density matrix, we group the basis functions
φ according to which atom they are centred. We will use the notation φAµ
to denote a basis function centred on atom A. Since the density matrix is
indexed with respect to two basis functions, each element corresponds to
two atomic centres. For example, DAA

µν is an element of the density matrix
with both indexes corresponding to a basis function centred at A, while
DAB
µν is an element where one index corresponds to atom A, and one index

corresponds to atom B.
Following this notation we can rewrite Eq. (1.53) as:
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ρ(r) =

AO∑
µ,ν

atom∑
A

DAA
µ,νφ

A
µ (r)φAν (r) +

AO∑
µ,ν

atom∑
A

atom∑
B 6=A

DAB
µ,ν φ

A
µ (r)φBν (r) , (3.1)

where the sum over “AO” means a sum over all the orbitals centred on a
given atom, while the sum over “atom” means a sum over the different atom
centres. The first term can be identified with the ionic electron density of
atom A, while the second term can be identified with the covalent electron
density between atom pair A,B, that is

ρionic(r) =
AO∑
µ,ν

atom∑
A

DAA
µ,νφ

A
µ (r)φAν (r) (3.2)

ρcovalent(r) =
AO∑
µ,ν

atom∑
A

atom∑
B 6=A

DAB
µ,ν φ

A
µ (r)φBν (r) . (3.3)

with Mulliken population analysis [84], the electron density is associated to
atom A is the ionic density centred on atom A plus half of the covalent
density of all atom pairs involving atom A, so that

ρA(r) = ρionicA (r) +
1

2
ρcovalentA (r) , (3.4)

where:

ρionicA (r) =
AO∑
µ,ν

DAA
µ,νφ

A
µ (r)φAν (r) (3.5)

and

ρcovalentA (r) =
AO∑
µ,ν

∑
B 6=A

DAB
µ,ν φ

A
µ (r)φBν (r) . (3.6)

The Mulliken electronic charge of atom A is then

nmull
A =

∫
ρA(r)dr . (3.7)

Using the definition of the overlap matrix S, Eq. (1.49), we can rewrite the
charge as

nmull
A =

AO∑
µ,ν

DAA
µ,νS

AA
µ,ν +

1

2

AO∑
µ,ν

∑
B 6=A

DAB
µ,ν S

AB
µ,ν . (3.8)
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The atomic charge is the nuclear charge ZA minus the electronic charge, so
that

qmull
A = ZA − nmull

A . (3.9)

This charge distribution is not unique. We can perform an orthogonal trans-
formation over the atomic orbitals φµ and obtain a different charge distribu-
tion. In particular, we can perform a Mulliken type population analysis on
an orthonormalized basis set. This is called Lowdin population analysis [85].
More specifically, we want to transform our basis orbitals φµ such that the
overlap matrix Sµν , Eq. (1.49), is the identity matrix. One way to achieve
this is by symmetric orthogonalization. In this case, the new orbitals φ′µ are
given by

φ′µ(r) =
∑
ν

(
S−1/2

)
µν
φν(r) . (3.10)

In this new basis set it is possible to show that the density matrix is given
by

D′ = S1/2DS1/2 . (3.11)

We can then use Eq. (3.8) with the density matrix D′. Because the overlap
matrix is the identity matrix, there is no covalent component. The Lowdin
charges are then given by

nLow
A =

AO∑
µ

D′
AA
µ,µ . (3.12)

One aspect of Lowdin population analysis is that it is not rotationally in-
variant when Cartesian type functions are used for d orbitals. That means
that symmetric atoms may get different charges. [86]
Some general disadvantages of population analysis based on the partition of
wave functions are:
1) The diagonal elements may get larger than two. This means associating
more than two electrons per orbital, which is not physically reasonable. This
is only a problem in Mulliken analysis, since both Lowdin and our IPOD
method (which we will describe later) avoid this.
2) Off-diagonal elements may become negative, which means that a negative
number of electrons are associated with specific orbital combinations.
3) There is no physical reason to split the covalent contribution into equal
halves between the two atoms. One would expect that more electronegative
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atoms should receive a more significant share of the covalent electron density.
Lowdin partially solved this problem by orthogonalization, which makes
all the covalent contributions equal to zero. Our IPOD methods devise
a scheme to perform this partition in a way that takes into account the
electronegativity of the atoms.
4) Diffuse functions centred at atom A may have their peak at the locations
of other atoms, and yet their contribution is still assigned to atom A. As a
result, these methods do not converge to a fixed charge as the basis set size
is increased. Smaller basis sets, which do not have diffuse functions, usually
work better for wave function based population analysis methods.
5) The partial charges obtained from these methods do not reproduce the
experimentally observed multipole moments.

3.2 Population analysis based on electrostatic
potential

This approach consists of calculating the electrostatic potential from the
wave function

φesp(r) =

nuclei∑
A

ZA
|r−RA|

−
∫

ρ(r′)

|r− r′|
dr′ , (3.13)

where the first term represents the electrostatic potential from the nuclear
point charges and the second term is the potential from the electron density.
To assign partial atomic charges we then assign the point atomic charges
that best fit this potential, that is, we find QA such that:

nuclei∑
A

QA
|r−RA|

(3.14)

fits φesp(r) as close as possible under the constraint that the partial charges
add up to the total charge of the molecule or ion [87]. Additional constraints
may be imposed so that the charge distribution also reproduces the observed
dipole and multipole moments, or that the total charge of a subgroup of the
molecule also adds up to zero. While this method produces charges that
are mostly independent of the basis set size, it is still highly dependent on
other fitting parameters, like the number of fitting points used. Further-
more, most of the electrostatic potential can be reproduced using only the
outer atoms of the molecule. Since the central atoms contribute very little
to the potential, the assignment of charges to these atoms becomes quite
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problematic, since vastly different charge assignments will produce negligi-
bly different potentials. We say that the fitting procedure is statistically
under-determined [88–90]. This can be partially alleviated by introducing
additional constraints, but excessive use of constraints makes this method
almost semi-empirical.

3.3 Population Analysis based on the partition of
space

Another way of defining partial charges is to partition the volume of the
molecule so that each atom gets assigned a portion of all of the volume. If
we refer to the volume assigned to atom A as ΩA, then the partial charge
of the atom will be the nuclear charge minus the electron density in that
volume, that is

QA = ZA −
∫

ΩA

ρ(r)dr . (3.15)

The question is now how do we define the volume ΩA. The most common
way of dividing the volume into its different atoms is the Atoms in Molecules
method of Bader [91]. This method is based on the topology of the electron
density. We first define iso-surfaces that are perpendicular to the direction
of the electron density gradient. This gradient will point to the direction of
one of the atomic centres, which is called an attractor in this context. (In
general, an attractor is a point in space to which the gradient of the electron
density points to). At some point between two atomic centres, the direction
changes from one of the centres to the other. At the iso-surface defined by
this point, the gradient of the electron density becomes zero. That is, this
surface is stationary with respect to the electron density. For all the points
inside the iso-surface, the gradient points in the direction of a particular
nucleus. Therefore, all the volume inside this iso-surface can be associated
with that particular nucleus. Bader’s Atom in Molecules method then uses
these stationary iso-surfaces of the density to divide the volume among the
different atoms.
Because Bader charges depend on the electron density and not on the or-
bitals, they are relatively stable with respect to the basis set size. The
charges, however, do not reproduce the experimental dipole and multipole
moments or the electrostatic potentials correctly. Another problem is that
some systems, for example, some lithium and sodium clusters, have attrac-
tors in the electron density that are not located at the position of an atomic
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nucleus. It is not clear then how to assign the charge density associated
with these attractors to a specific nucleus [92].
Other than the Bader definition, there are other ways of dividing the density
in space:
The method by Voronoi assigns the electron density at a given point to the
closest nuclei [93]. The method by Hirshfeld [94] consists on splitting the
electron density based on the weight of the individual atomic densities. For
this method, individual atomic densities ρA (with the atoms by themselves,
not forming part of the molecule) are calculated. The total atomic density
is the sum over the densities of all the atoms: ρatomic =

∑
A ρA. Then, atom

A gets assigned the fraction ρA/ρatomic of the molecular electron density ρ.
The atomic charges from this method can be written then as

QA = ZA −
∫

ρA(r)

ρatomic(r)
ρ(r)dr . (3.16)

An ambiguity with the Hirshfeld charges arises depending on how the atomic
densities are calculated.
Another method that uses the electron density is the method by Stewart
[95, 96]. This method looks for atom centred spherical densities that are as
close as possible to the molecular density in the least squares sense. The
integral of these spherical densities provides the negative charge associated
with each atom. These charges are usually too large and not very intuitive,
but they provide a good description of the molecular electrostatic potential.

3.3.1 Natural Population analysis

Natural population analysis (NPA) [97], is, like Lowdin, a method of popu-
lation analysis based on the orthogonalization of the atomic orbitals. How-
ever, unlike Lowdin, which simply performs a symmetric orthogonalization
over all orbitals, NPA orthogonalizes orbitals in a way that the resulting
“Natural” atomic orbitals (NAO) are as close as possible to the orbitals of
an isolated atom, but at the same time, containing information about the
molecular bonding. The resulting atomic charges are reasonably indepen-
dent of the basis set used. We will now sketch the procedure for building
the NAO.

1. Start by diagonalizing the ionic blocks of DS in Eq. (3.1). The ionic
block of each atom is diagonalized individually. The resulting eigenvalues
are the orbital populations. The highly occupied orbitals are defined to be
the minimal orbitals, while the weakly occupied orbitals are referred to as
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the Rydberg orbitals. These orbitals are called Pre-NAO. Orbitals between
different atomic centers are not orthogonal to each other.

2. Orthogonalize the orbitals between different atom centers. However,
a full orthogonalization will destroy the differences between minimal and
Rydberg sets on each atomic center. As such, we start by only orthogonal-
izing the minimal sets between different atomic centers. This is achieved
via a weighted orthogonalization (i.e., the rotation matrix includes a weight
based on the occupation number). This process removes the orthogonality
between minimal and Rydberg orbitals in the same center.

3. Minimal and Rydberg orbitals in the same atom center are re-
orthogonalized, this time using a Gram - Schmidt procedure.

4. Orthogonalize the Rydberg sets between different atom centers, using
an occupancy weighted orthogonalization, similar to step 2. This time,
however, more weight is given to the Rydberg orbitals. The resulting orbitals
from this step are the natural atomic orbitals (NAO)
Once we have the orthogonal NAOs, the atomic charges are the sum of the
populations of the orbitals assigned at each atom. Because the orbitals are
orthogonal, there are no covalent contributions in this case. NPA provide
charges that are relatively consistent with basis set size for a large number
of systems. However, this method is very challenging to implement. It is
not available in most quantum chemistry software packages (Gaussian being
an exception); instead, the method is available in a stand-alone proprietary
program. [98]

3.4 Population Analyses Based on Ionic Partition
of Overlap Distributions

Our population analysis method is based on the splitting of the basis func-
tions. However, unlike Mulliken, which merely splits the covalent part into
equal parts, we are aiming to do this splitting in a way that reflects an atoms
electro-negativity.
Our first approximation, which we refer to as IPOD1, simply ignores the
covalent part and makes the charge of the atom proportional to the ionic
contribution of the atom. That is, we start with the definition of ρionicA (r)
(Eq. 3.5.)

ρionic
A (r) =

AO∑
µ,ν

DAA
µ,νφ

A
µ (r)φAν (r) , (3.17)
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and the total ionic density of the molecule is as

ρionic(r) =
∑
A

ρionicA (r) . (3.18)

The ionic charge of atom A is then:

nionic
A =

∫
ρionicA (r)d(r) =

AO∑
µ,ν

DAA
µ,νS

AA
µ,ν , (3.19)

and the total ionic charge is

nionic
tot =

∑
A

nionic
A . (3.20)

In IPOD1, the charge of the atom is proportional to the atomic charge. Be-
cause the total ionic charge does not add up to the total number of electrons,
we must introduce a normalization factor. With this, the IPOD1 charge is
written as:

nIPOD1
A =

nionic
A

nionic
tot

ntot , (3.21)

where ntot is the number of electrons in the molecule.
In IPOD2, we split the covalent part in the same ratio as the ionic part.

As we can see in Eq. (3.6), the covalent density between atoms A and B
can be written as

ρcovalentAB (r) =
AO∑
µ,ν

DAB
µ,ν φ

A
µ (r)φBν (r) , (3.22)

and the respective covalent charge is:

ncovalent
AB =

∫
ρcovalentAB (r)d(r) =

AO∑
µ,ν

DAB
µ,ν S

AB
µ,ν . (3.23)

This covalent charge is then split between atoms A and B by the ratio of
their ionic charges, that is

ncovalent
A(B) =

(
nionic
A

nionic
A + nionic

B

)
ncovalent
AB . (3.24)

Summing over the contributions of all atoms,gives the IPOD2 atomic charge
is as
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qIPOD2
A = nionic

A +
∑
B 6=A

ncovalent
A(B) . (3.25)

This method has some similarities with Christoffersen-Baker population
analysis [99], except it assumes the basis functions on each atomic center are
orthogonalized to each other, and performs the partition for every molecular
orbital instead of using the global density matrix.

This partition of the covalent density poses a problem: ideally, this parti-
tion should somewhat reflect the electronegativity of the two atoms involved.
However, using the ionic density ratio gives heavier atoms too much weight
in this partition. For example, in potassium fluoride, the partition will fa-
vor potassium more, since potassium has more ionic electrons due to its
higher atomic number. However, the partition should favor fluorine due to
its higher electronegativity.
We now propose several methods that can alleviate this dependence on
atomic number:

a) IPOD2b: divide ncovalent
A(B) by the atomic number Z, and renormalize

so that the partitions for A and B add up to 100%, giving

ncovalent
A(B),IPOD2b =

ncovalent
A(B) /ZA

ncovalent
A(B) /ZA + ncovalent

B(A) /ZB
. (3.26)

b) IPOD2c: subtract the number of core electrons ncore from ncovalent
A(B) ,

and renormalize to 100%, giving

ncovalent
A(B),IPOD2c =

ncovalent
A(B) − nA,core

ncovalent
A(B) + ncovalent

B(A) − nA,core − nB,core
. (3.27)

c) IPOD2d: substract the number of core electrons from ncovalent
A(B) and

divide by the number of valence electrons nvalence, giving

ncovalent
A(B),IPOD2d =

(ncovalent
A(B) − nA,core)/nA,valence

(ncovalent
A(B) − nA,core)/nA,valence + (ncovalent

B(A) − nB,core)/nB,valence
.

(3.28)
For IPOD2d, we found empirically that for oxygen and nitrogen, dividing
by the number of valence electrons provides an over-correction, so, for these
two atoms, we divided by five instead of by the number of valence electrons.
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To calculate the charges using these methods, we use Eq. (3.25), where
ncovalent
AB is replaced by ncovalent

A(B),IPOD2b, ncovalent
A(B),IPOD2c or ncovalent

A(B)IPOD2d, respec-
tively.

3.5 Computational Details

We implemented our methods in the NWChem 6.0 software package [70],
which already has MPA and LPA implemented. We performed NPA calcu-
lations using the Gaussian 09 software package [100]. All the calculations
were done using density functional theory with the B3LYP functional ([75])
and a series of Pople basis sets [19, 21, 23].

The methods were tested with a representative set of molecular systems
with a wide range of bond polarities. Most of these systems are part of
systems benchmarked for the G1, G2 and G3 [101–103] methods. All ge-
ometries were optimized at the B3LYP/6-31G level.
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3.6 Results

The partial charges for Mulliken, Lowdin, NPA, and the IPOD methods for
a variety of chemical systems of interest is presented in Figs. 3.2 - 3.8 and
Tables 3.1 - 3.13. Figure 3.2 shows the partial atomic charge of a boundary
hydrogen for alkanes of increasing size, while Fig. 3.3 shows the charges of
a central hydrogen in the same molecule. The respective average charges
and standard deviations with respect to the basis set are shown on Tables
3.1, 3.2, 3.3. Figure 3.4 shows the charges for diatomic molecules containing
fluorine and a first-row cation. The respective charges are shown in Tables
3.4 and 3.5. Figures 3.5 and 3.6 and tables 3.6 - 3.9 show the charges for
a collection of small inorganic molecules. Figure 3.7 and Table 3.11 show
the charges of the fluorine atom in a variety of polyatomic compounds.
Finally, Figure 3.8 and Tables 3.12 and 3.13 show the partial charges for
some common alcohols.

3.6.1 Alkanes

Plots of the charges of the hydrogen atom in alkanes are shown in Figs.
3.2 and 3.3. Figure 3.2 shows a hydrogen on the outside carbon (Carbon
1 in Fig. [3.1], while Fig. 3.3 shows a hydrogen on one of the central
carbons (Carbon 5 in Fig. [3.1]). Note that for CH4 and CH3CH3 this plot
is repeated as there is no difference between central and outside carbons.
It is clear in all these systems that NPA is has much less variation with
respect to basis set size than the other methods. For all the other methods,
the charges are relatively stable with the smaller basis sets: 3-21G, 4-31G,
6-31G and 6-31G*. It is when we start adding polarization functions to the
hydrogen with basis set 6-31G** that the hydrogen charge starts becoming
significantly more negative. These trends get worse for larger basis sets,
to the point where for the largest basis set, 6-31G(3df,3pd), the hydrogen
charge has become negative. On the other hand, adding diffuse functions
makes the hydrogen charges more positive, with Mulliken and Lowdin giving
charges that are less positive than those NPA. IPOD1 gives charges very
similar to those of NPA for the smaller basis sets, which means that the
effect of all the orthogonalizations performed in NPA is to eliminate all the
covalent contribution to the charge. Mulliken and Lowdin make the carbon
charges less positive, which makes the individual CH bonds less polar. This
means that splitting the covalent part into halves between the carbon and
the hydrogen mostly neutralizes the partial charge difference between these
two atoms. Ideally, then, we would like to give more than half of the weight
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of the covalent part to the carbon (this will make the carbon more negative,
and, in turn, the hydrogen more positive). This is indeed what IPOD2 does,
but it gives too much weight to the carbon, as expected from the 6 to 1 ratio
of their atomic masses. IPOD2c does not help a lot since carbon has only
two core electrons and therefore subtracting the number of core electrons
does not make a significant difference in the charge ratio. On the other
hand, IPOD2b and IPOD2d with their re-normalization based on atomic
number bring back the charges very close to those of NPA and IPOD1. This
agreement is better for the smaller alkanes, while it is a bit worse for the
larger ones, where IPOD2b and IPOD2d make the bonds a little less polar
than NPA or IPOD1.

In summary, we can recommend IPOD2b and IPOD2d for alkane sys-
tems, as long as we use a small basis set. Specifically, basis sets 4-31G,
6-31G and 6-31G* seem to provide the most reasonable partial charge val-
ues. IPOD1 also produces very reasonable charges for these kinds of systems,
but considering the very inconsistent results that we get for other types of
systems (see later), this is not a method that we can recommend in general.
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(a) CH3CH2CH3 (b) CH3CH2CH2CH3

Figure 3.1: Reference atom labels for the larger alkanes

CH4 CH3CH3

Method Average Std. Dev. Average Std. Dev.

MPA 0.124 0.107 0.114 0.110
LPA 0.115 0.071 0.101 0.075
NPA 0.226 0.007 0.221 0.008
IPOD1 0.202 0.162 0.202 0.146
IPOD2 0.423 0.130 0.346 0.241
IPOD2b 0.19 0.158 0.178 0.128
IPOD2c 0.376 0.152 0.315 0.217
IPOD2d 0.169 0.170 0.165 0.125

Table 3.1: Average charges and standard deviations with respect to basis
set of the hydrogen atom in CH4 and CH3CH3
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(d) H atom in CH3CH2CH2CH3

Figure 3.2: Partial charges as a function of the basis set for boundary hy-
drogen. The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G),
(d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h,
6-31++G), (i, 6-31++G*), (j, 6-31++G**)
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Figure 3.3: Partial charges as a function of the basis set for central hydrogen.
The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G), (d, 6-31G*),
(e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h, 6-31++G), (i,
6-31++G*), (j, 6-31++G**)
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CH4 CH3CH3

Method Average Std. Dev. Average Std. Dev.

MPA 0.113 0.101 0.113 0.101
LPA 0.103 0.067 0.103 0.067
NPA 0.224 0.007 0.224 0.007
IPOD1 0.216 0.139 0.238 0.144
IPOD2 0.344 0.205 0.348 0.200
IPOD2b 0.174 0.127 0.176 0.129
IPOD2c 0.315 0.191 0.318 0.190
IPOD2d 0.159 0.126 0.162 0.130

Table 3.2: Average charges and standard deviations with respect to basis
set of the extreme hydrogen atoms in CH3CH2CH3 and CH3(CH2)2CH3

CH4 CH3CH3

Method Average Std. Dev. Average Std. Dev.

MPA 0.106 0.110 0.105 0.104
LPA 0.099 0.066 0.1 0.067
NPA 0.227 0.008 0.225 0.008
IPOD1 0.154 0.199 0.17 0.204
IPOD2 0.278 0.291 0.266 0.300
IPOD2b 0.161 0.107 0.165 0.101
IPOD2c 0.258 0.250 0.251 0.255
IPOD2d 0.153 0.105 0.16 0.104

Table 3.3: Average charges and standard deviations with respect to basis
set of the central hydrogen atoms in CH3CH2CH3 and CH3(CH2)2CH3
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3.6.2 Diatomic Fluorine Compounds

In this section, we will study diatomic fluorine compounds where the other
element belongs to group 1 of the periodic table. Specifically, we will con-
sider the compounds HF, LiF, NaF and KF. The plots summarizing the
partial charges for these systems are summarized in Fig. 3.4. The average
fluorine charges and standard deviations with respect to the basis sets are
summarized in Tables 3.4 and table 3.5

For Hydrogen Fluoride, both MPA and LPA have a very poor stability
with respect to the basis set size. The charges are relatively stable for the
3-21G, 4-31G, 6-31G and 6-31G* basis sets, but the system quickly starts
becoming less polarized as soon as we add a polarized basis function in
the hydrogen. This trend keeps increasing the more polarization basis sets
we add, to the point that for the 6-31G(3df, 3pd) basis set with LPA, the
system has inverted its polarity and the fluorine has acquired a positive
charge of around 0.4. MPA has the same trend as LPA, although it is
much less pronounced. Removing the polarization functions in the hydrogen
and adding diffuse functions instead (basis sets 6-31++G and 6-31++G*)
give charges at least qualitatively similar to the 6-31G and 6-31G* basis
sets, which means diffuse functions do not affect the charge as much as
polarization functions. However, once we add a p function in the hydrogen,
basis set 6-31++G**, the fluorine charge becomes less negative again. This
oscillation is mostly solved with NPA (it has a standard deviation of 0.024
vs. the 0.113 and 0.224 of Mulliken and Lowdin, respectively). NPA also
produces an overall more polarized molecule, with an average fluorine charge
of -0.529, compared with the charges of -0.385 and -0.248 of Mulliken and
Lowdin.

The IPOD1 and IPOD2 methods (which are always the same for diatomic
molecules) produce an even more polarized molecule with a charge of -0.623
on Fluorine. The basis set oscillation is considerably improved with respect
to MPA or LPA, with a standard deviation of 0.033. While this is not as
good as NPA, it is still a very good result, especially considering that these
methods are much closer in spirit to Mulliken than they are to NPA. The
trends in the charge are similar to those in MPA, but the differences in
the charges are much less pronounced. As discussed in the theory section,
IPOD1 and IPOD2 give too much weight to fluorine because it is a much
heavier atom and hence will have much more ionic electrons. Therefore,
it makes sense that the resulting molecule is a little bit too polar. Our
methods IPOD2b, IPOD2c and IPOD2d aim to correct this. IPOD2c makes
almost no difference in this case, since this method works by subtracting the
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number of core electrons, and hydrogen does not contain core electrons and
only 2 out of the 9 electrons of fluoride are core electrons. On the other
hand, IPOD2b and IPOD2d, which both involve a renormalization based
on the total number of electrons, do remove some of the polarization of the
molecule and bring it to a point very similar to that of NPA. IPOD2b is
a little less polarized than NPA at a charge of -0.509, while IPOD2d is a
bit more polarized at a charge of -0.541. There is a price paid for these
methods, though, and is that they are a bit less stable than the original
IPOD methods. The standard deviation in these cases is of the order of
0.06, about twice as large as the original IPOD, but still significantly smaller
than that of Mulliken and Lowdin. The difference between IPOD2b and
IPOD2d is that the later also involves a subtraction of the number of core
electrons. Moreover, when the number of core electrons is small as in this
case, IPOD2b and IPOD2d will be very similar to each other. In summary,
these two methods produce a charge that is very comparable to that of NPA
at a significantly reduced computational cost and with a little less basis set
stability.

Lithium fluoride presents similar trends. Lithium is more electronegative
than hydrogen, so, it is expected that this molecule will be more polar. That
is indeed the case for all the methods, with IPOD1, IPOD2, and IPOD2b
have the smallest increase in partial charges with respect to HF. Mulliken
and Lowdin still have very wild oscillations depending on the basis set used,
although this time adding diffuse functions makes the molecule more polar-
ized with respect to the smaller, non-diffuse basis sets. Adding polarization
functions still decreases the overall polarity of the molecule. NPA provides
again with a much more polar molecule than MPA and NPA, although this
time the stability with respect to the basis set is not so good: there is a
considerable increase in the fluorine charges when we add diffuse functions
to the basis set. This time, however, unlike the HF case, IPOD1 and IPOD2
produce a less polar molecule than NPA. In terms of oscillations, IPOD1 and
IPOD2 still have the sharp increase in polarity when diffuse functions are
added, but the oscillations are a bit more controlled than in NPA: The stan-
dard deviation of the IPOD methods is 0.064, while the standard deviation
of NPA is 0.083. The net effect of IPOD2b is, in most cases, to decrease
the polarization of IPOD1 and IPOD2, which in this case is the opposite
behaviour that we want (assuming the NPA charges represent the highest
quality charges). That is indeed the case of this system, and in fact, IPOD2b
brings the charges very close to those of Mulliken, and it similarly recov-
ers the wild basis set oscillations of the latter method. On the other hand,
IPOD2c and IPOD2d polarize the system more with respect to IPOD1 and
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IPOD2, moving it closer to NPA. That is because in this case both lithium
and fluorine have two core electrons, so we are subtracting the same number
of electrons in each case. However, the number of core electrons represents a
much larger percentage of the total number of electrons for lithium than for
fluorine, so by subtracting the core electrons we are favouring the fluorine
more, which gives the later a higher negative charge. In this case IPOD2c
gets closer to NPA, and is also the most stable method, with a standard
deviation of 0.048. The fluctuations of IPOD2d are very similar to those of
IPOD1 and IPOD2 and slightly smaller than those of NPA.

For sodium fluoride, LPA is still the method that produces the most
prominent basis set fluctuations. Just like in LiF, for all the methods, the
molecule becomes much more polar when diffuse basis functions are added to
the basis set. In this case, both Mulliken, IPOD1, IPOD2 and IPOD2b pro-
duce very similar results, including the basis set fluctuations. This makes
sense, since the atomic numbers of fluorine and sodium are 9 and 10, re-
spectively, which has the consequence that the splitting of the covalent part
happens at an almost 50/50 ratio, just like in Mulliken. IPOD2b does not
help much for this, since we are just renormalizing by the very similar atomic
numbers. IPOD2c and IPOD2d, on the other hand, polarize the molecule
more and bring it closer to NPA. The reason is the same as for LiF, but it
is more pronounced in this case. While fluorine has only two core electrons,
sodium has 10. Many more electrons are subtracted from sodium, which
causes the fluorine to take up a much bigger percentage of the covalent part.
Just as with LiF, IPOD2c brings it closer to NPA than IPOD2d. In terms of
basis set fluctuations, IPOD2c has the smallest fluctuations, together with
NPA, with a standard deviation of 0.102, followed by IPOD2d, with a stan-
dard deviation of 0.125. The other four methods have significantly larger
fluctuations.

For potassium fluoride, there are very few basis sets available within the
basis set family we are studying. However, within this limited range, we still
have the same overall features as LiF and NaF. The molecule becomes much
more polarized when we add diffuse functions. LPA and MPA are much less
polarized than NPA. In this case, IPOD1 and IPOD2 are even less polarized
than LPA. IPOD2b is very similar to IPOD1 and IPOD2, and IPOD2c and
IPOD2d significantly polarize the molecule and bring it closer to NPA, with
IPOD2c being the closest. All the methods have a similar jump when we
add diffuse functions, but the jump is a bit smaller in NPA, IPOD2c and
IPOD2d than for the other five methods.

To summarize our results for this family of systems, we can say that in
general NPA produces a much more polarized molecule than MPA or LPA.
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IPOD1 and IPOD2 methods present an interesting behaviour: They go from
the most polar in the lightest molecule HF, and start becoming increasingly
less polar until they become the less polar methods for the heaviest system
KF. If our aim is to produce charges similar to those of NPA with the
most cheaper IPOD methods, we note that IPOD2d is the most versatile
method that shifts the IPOD1 and IPOD2 charges in the right direction to
get closer to NPA. While IPOD2c gets closer to NPA in LiF, NaF and KF,
it has almost no effect on HF. IPOD2b works better on HF, but shifts in
the wrong direction in LiF and has minimal effect on NaF and KF. In terms
of basis set fluctuations, we can say that, on average, IPOD2d fluctuates as
much as NPA for this family of systems and is certainly more stable than
Mulliken or Lowdin population analysis.
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HF LiF

Method Average Std. Dev. Average Std. Dev.

MPA -0.385 0.113 -0.545 0.099
LPA -0.248 0.224 -0.429 0.188
NPA -0.529 0.024 -0.821 0.083
IPOD1 -0.623 0.033 -0.697 0.064
IPOD2 -0.623 0.033 -0.697 0.064
IPOD2b -0.509 0.066 -0.585 0.095
IPOD2c -0.620 0.034 -0.778 0.048
IPOD2d -0.541 0.059 -0.730 0.066

Table 3.4: Average charges and standard deviations with respect to basis
set for HF and LiF.

NaF KF

Method Average Std. Dev. Average Std. Dev.

MPA -0.631 0.164 -0.765 0.125
LPA -0.530 0.193 -0.760 0.140
NPA -0.833 0.102 -0.881 0.091
IPOD1 -0.622 0.170 -0.735 0.135
IPOD2 -0.622 0.170 -0.735 0.135
IPOD2b -0.643 0.162 -0.770 0.12
IPOD2c -0.809 0.102 -0.855 0.085
IPOD2d -0.776 0.125 -0.840 0.1

Table 3.5: Average charges and standard deviations with respect to basis
set for NaF and KF.
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Figure 3.4: Partial charges as a function of the basis set for Fluorine diatomic
compounds. The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G),
(d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h, 6-
31++G), (i, 6-31++G*), (j, 6-31++G**)
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3.7 Small Inorganic Molecules

The partial charges for the small inorganic molecules are displayed in tables
3.6 - 3.9 and in figures 3.5 - 3.6.

For CO2, Mulliken population analysis gives an average oxygen charge of
-0.325. It is relatively stable with respect to most basis sets, except the two
largest ones, in which case the oxygen charge becomes much less negative.
Lowdin analysis maintains mostly the same basis set behaviour but gives
a much less polarized molecule; the oxygen has an average charge of only
-0.144. Also, the oxygen charge becomes positive for the two largest basis
sets. NPA gives an average charge of -0.484, which makes it more polarized
than Mulliken. IPOD1 gives a charge distribution even more polarized than
that of NPA, with an average oxygen charge of -0.596. The ionic charges
favour the oxygen too much, which makes sense due to the oxygen higher
molecular weight. With IPOD2, where the covalent part is partitioned ac-
cording to the ionic charge ratio, the molecule becomes less polarized, and
closer to NPA, with an average charge of -0.459. This means that the carbon
is favoured in the partition of the covalent part. This is because the carbon is
the central molecule, so it has covalent contributions from two bonds, while
the oxygen only has covalent contributions from a single bond. The renor-
malized IPOD2b will make it even less polar at an average of -0.394 since
the oxygen is further penalized due to its higher molecular mass. IPOD2c
polarizes the molecule more, with an average of -0.521, since both carbon
and oxygen have two core electrons, but they represent a higher proportion
of the total number of electrons in the carbon. Hence this atom is more
penalized within this scheme. Finally, with IPOD2d, the effects of renor-
malization and subtracting the core electrons mostly cancel each other, and
as a result, this charge is very similar to the one from IPOD2. The charges
are not particularly stable with respect to basis set size; even for the smaller
basis sets, 3-21G, 4-31G, and 6-31G, the oxygen charge becomes increas-
ingly less negative. The charge suddenly becomes less negative when we
add polarization functions with basis 6-31G*, and then becomes less and
less negative when we add even more polarization functions with the larger
basis sets. The dip between 6-31G and 6-31G* is also present in NPA, and
as a result, IPOD2 and IPOD2d methods with the smaller basis changes
have charges reasonably similar to those of NPA.

CO is a bit of a particular case. We know from the measurement of
dipole moments that this molecule should have the negative partial charge
on the carbon, which is contrary to what we expect from the atoms electro-
negativities. However, all of the methods studied put the negative charge
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on the oxygen. This is probably one of the worst results for NPA since
this method gives the most negative charge for the oxygen. The method
that gives the best oxygen charges from this point of view is Lowdin, with
an average charge of -0.13. Lowdin charges do become positive for the
oxygen for the most extensive basis sets, but these seem to be basis set
inconsistencies rather than a meaningful result. All the other methods give
charges somewhere in between and have a similar basis set dependence.

Water and hydrogen peroxide behave very similarly. NPA gives an oxy-
gen charge of -0.937 and -0.480, respectively. Mulliken gives a slightly less
polarized charge, while IPOD1 gives a more polarized charge. This is be-
cause the ionic ratio will favour the oxygen more than the 50-50 split of
Mulliken, due to the 16:1 ratio between the oxygen and hydrogen charges.
For water, IPOD2 will polarize the molecule even more, since now the co-
valent part is also split following the ionic ratio. The renormalization based
methods IPOD2c and IPOD2d decrease the polarization of the molecule,
owing to the higher molecular mass of the oxygen.

Figure 3.6 shows the nitrogen charges in some nitrogen-containing molecules.
There are no particular noteworthy trends to observe here, only that NPA
is, as expected, the most stable method while IPOD1 is the most unstable.
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Figure 3.5: Partial charges as a function of the basis set for Fluorine diatomic
compounds. The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G),
(d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h, 6-
31++G), (i, 6-31++G*), (j, 6-31++G**)
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Figure 3.6: Partial charges as a function of the basis set for Fluorine diatomic
compounds. The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G),
(d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h, 6-
31++G), (i, 6-31++G*), (j, 6-31++G**)
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CO2 CO

Method Average Std. Dev. Average Std. Dev.

MPA -0.325 0.082 -0.24 0.064
LPA -0.144 0.110 -0.13 0.147
NPA -0.484 0.027 -0.525 0.031
IPOD1 -0.596 0.057 -0.319 0.048
IPOD2 -0.459 0.055 -0.319 0.048
IPOD2b -0.394 0.065 -0.26 0.062
IPOD2c -0.521 0.055 -0.354 0.044
IPOD2d -0.477 0.052 -0.308 0.049

Table 3.6: Average charges and standard deviations with respect to basis
set of the oxygen atom in CO and CO2

H2O HOOH

Method Average Std. Dev. Average Std. Dev.

MPA -0.672 0.167 -0.367 0.077
LPA -0.437 0.343 -0.23 0.168
NPA -0.937 0.039 -0.480 0.015
IPOD1 -1.088 0.098 -0.593 0.032
IPOD2 -1.193 0.084 -0.588 0.032
IPOD2b -0.917 0.135 -0.478 0.047
IPOD2c -1.175 0.088 -0.582 0.031
IPOD2d -0.959 0.130 -0.494 0.042

Table 3.7: Average charges and standard deviations with respect to basis
set of the oxygen atom in H2O and HOOH

HCN HNO

Method Average Std. Dev. Average Std. Dev.

MPA -0.281 0.145 -0.206 0.137
LPA -0.05 0.065 -0.174 0.082
NPA -0.302 0.018 -0.239 0.019
IPOD1 -0.661 0.388 -0.14 0.181
IPOD2 -0.377 0.129 -0.505 0.132
IPOD2b -0.322 0.165 -0.374 0.144
IPOD2c -1.429 0.150 -0.491 0.141
IPOD2d -0.352 0.184 -0.365 0.164

Table 3.8: Average charges and standard deviations with respect to basis
set of the oxygen atom in HCN and HNO
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N2O NH3

Method Average Std. Dev. Average Std. Dev.

MPA 0.174 0.283 -0.791 0.202
LPA 0.184 0.078 -0.501 0.372
NPA 0.273 0.034 -1.11 0.031
IPOD1 0.422 0.420 -1.33 0.191
IPOD2 0.22 0.300 -1.71 0.164
IPOD2b 0.206 0.299 -1.171 0.230
IPOD2c 0.24 0.309 -1.66 0.174
IPOD2d 0.24 0.309 -1.163 0.240

Table 3.9: Average charges and standard deviations with respect to basis
set of the oxygen atom in N2O and NH3
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3.7.1 Alcohols and polyatomic fluorine compounds

Finally, Fig. 3.7 shows the fluorine charges in some polyatomic molecules
while Fig. 3.8 shows the oxygen charges in a variety of common alcohols.
That is, these plots show the charges of a very electronegative atom in a
polyatomic molecule. The most important observation we can make here
is that for all the alcohols, as well as for the molecules with a single flu-
orine (CH2CHF and HOF), IPOD1 gives an extremely negative charge on
the oxygen or fluorine, respectively, which shows the danger of ignoring the
covalent contributions for certain types of molecules altogether. To explain
this behaviour, let us consider IPOD2, which splits the covalent contribu-
tions according to the ionic ratio. As we have seen, for diatomic molecules,
IPOD1 and IPOD2 give the same charge since there is only one pair of
molecules that share a covalent contribution. Splitting this covalent part
according to the ionic ratio will naturally maintain the same ratio of the
total charge. It is only when we have polyatomic molecules where we have
multiple atom pairs that share a covalent part that we start to see a differ-
ence. In our current case, IPOD1 gives an extremely negative charge, but
IPOD2 corrects this. As we have seen, this correction could not be possible
from a single bond, which means that the fluorine and oxygen atoms have
multiple covalent contributions, even from atoms not directly attached to
them.
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Figure 3.7: Partial charges as a function of the basis set for Fluorine poly-
atomic compounds. The basis sets are as follows: (a, 3-21G), (b, 4-31G),
(c, 6-31G), (d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df,
3pd)), (h, 6-31++G), (i, 6-31++G*), (j, 6-31++G**)
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Figure 3.8: Partial charges as a function of the basis set for oxygen in
alcohols. The basis sets are as follows: (a, 3-21G), (b, 4-31G), (c, 6-31G),
(d, 6-31G*), (e, 6-31G**), (f, 6-31G(2pd, 2p)), (g, 6-31G(3df, 3pd)), (h,
6-31++G), (i, 6-31++G*), (j, 6-31++G**)
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BF3 BF3NH3

Method Average Std. Dev. Average Std. Dev.

MPA -0.259 0.128 -0.810 0.304
LPA -0.068 0.136 -0.156 0.331
NPA -0.481 0.022 -1.02 0.027
IPOD1 -0.556 0.072 -0.612 0.315
IPOD2 -0.439 0.094 -1.603 0.336
IPOD2b -0.348 0.115 -1.217 0.354
IPOD2c -0.522 0.088 -1.585 0.329
IPOD2d -0.469 0.102 -1.239 0.358

Table 3.10: Average charges and standard deviations with respect to basis
set of the fluorine atom in BF3 and BF3NH3

CH2CHF HOF

Method Average Std. Dev. Average Std. Dev.

MPA -0.258 0.082 -0.111 0.079
LPA -0.137 0.141 -0.075 0.058
NPA -0.332 0.023 -0.112 0.011
IPOD1 -1.462 0.445 -0.373 0.173
IPOD2 -0.287 0.061 -0.082 0.084
IPOD2b -0.273 0.080 -0.102 0.078
IPOD2c -0.314 0.061 -0.083 0.086
IPOD2d -0.311 0.070 -0.093 0.086

Table 3.11: Average charges and standard deviations with respect to basis
set of the fluorine atom in CH2CHF and HOF

CH3OH CH3CH2OH

Method Average Std. Dev. Average Std. Dev.

MPA -0.547 0.078 -0.549 0.072
LPA -0.36 0.265 -0.363 0.259
NPA -0.743 0.030 -0.757 0.030
IPOD1 -1.576 0.167 -1.725 0.280
IPOD2 -0.753 0.085 -0.767 0.099
IPOD2b -0.651 0.052 -0.658 0.056
IPOD2c -0.775 0.088 -0.779 0.100
IPOD2d -0.696 0.056 -0.693 0.061

Table 3.12: Average charges and standard deviations with respect to basis
set of the fluorine atom in CH3OH and CH3CH2OH
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CH3CHOHCH3 CH3CH2CH2CH2OH

Method Average Std. Dev. Average Std. Dev.

MPA -0.543 0.063 -0.544 0.071
LPA -0.36 0.261 -0.321 0.274
NPA -0.768 0.031 -0.749 0.031
IPOD1 -1.625 0.552 -1.65 0.647
IPOD2 -0.797 0.114 -0.773 0.129
IPOD2b -0.658 0.063 -0.654 0.066
IPOD2c -0.799 0.111 -0.786 0.126
IPOD2d -0.69 0.072 -0.695 0.075

Table 3.13: Average charges and standard deviations with respect to basis
set of the fluorine atom in CH3CHOHCH3 and CH3CH2CH2CH2OH
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3.7.2 Summary

Figures 3.9 and 3.10 show the correlation between different population anal-
ysis methods and NPA. These data points include all the systems studied
here plus other systems that were not discussed in this section. The full
list of systems can be found in Appendix B. These charges represent aver-
ages over all the basis sets. We do this on the basis that NPA is a method
that gives charges that are very stable with respect to basis set size. Unfor-
tunately, this method is not just computationally expensive, but also very
hard to implement, and as a result, it is not available in the majority of
quantum chemistry programs. On the other hand, Mulliken and the IPOD
type methods are more straightforward conceptually and should be trivial
to implement in most packages. Even though these methods are less stable
with respect to basis set than NPA, we will give some general comments
about the average charges of these methods. MPA, in general, gives smaller
charges than NPA, with NPA charges being about 40% larger (slope of the
correlation line is 1.41). LPA gives the smallest charges, being about half
as those given by NPA. On the other hand, IPOD1 gives charges that are
too large, about 30% larger than those of NPA. Incorporating the covalent
charges with IPOD2 decreases the average charges by about 10% with re-
spect to IPOD1, but they are still significantly more polarized than those
of NPA. The method IPOD2c does not make a significant difference in the
average charges with respect to IPOD2. On the other hand, both IPOD2b
and IPOD2d do bring the average charges very close to those of NPA, with
a correlation slope of 1.0795 and 0.9928, respectively. We will choose the
method IPOD2d for our subsequent analysis of choosing the best basis set
for these types of calculations.

Figures 3.11 and 3.12 show the correlation between NPA and IPOD2b
for different basis sets. From these, we can appreciate that the best correla-
tion is achieved for smaller basis sets like 4-31G, 6-31G and 6-31G**, which
is consistent with the nature of population analysis methods based on the
splitting of basis functions. Although the closest correlation is achieved by
the basis set 6-31G**, with a correlation slope of 1.0073, it has a relatively
poor r2 value of 0.9340, which can also be appreciated from the large devi-
ations from the line. The basis set 6-31G, although has a worse correlation
of 0.9756, has an r2 closer to one, which together with the analysis of the
individual plots, lead us to conclude that this basis set is more reliable at
reproducing NPA results.

We can therefore recommend IPOD2d with the 6-31G basis set as a
good and cheaper alternative to NPA for a wide variety of small organic
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and inorganic compounds. Future research should extend these methods
for transition metals: this is, unfortunately, non-trivial since these metals
usually have multiple oxidation numbers, which make the number of core
electrons not uniquely defined, and this number is needed in IPOD2.
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Figure 3.9: Correlation between NPA charges and MPA, LPA and IPOD1.
These charges are the basis set averages.
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Figure 3.10: Correlation between NPA charges and the IPOD2 methods.
These charges are the basis set averages.
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Figure 3.11: Correlation between NPA and IPOD2d charges for basis sets
3-21G, 4-31G, 6-31G, 6-31G*
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Figure 3.12: Correlation between NPA and IPOD2d charges for basis sets
6-31G**, 6-31++G, 6-31++G*, 6-31++G**
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Chapter 4

Identification of Organic
compounds using electronic
circular dichroism

We worked with Prof. Raymond Andersen to determine the structure of a
series of compounds via a theoretical calculation of the electronic circular
dichroism (ECD) spectra and comparison with experimental data.

In reference [104], we identified the absolute configuration of nahuoic
acid A, a polyketide produced by a marine organism (Streptomyces sp.
(isolate RJA2928)). This compound is an inhibitor of the protein SETD8, a
methyltransferase protein. Mutations of these types of proteins are linked to
many diseases, including cancer. Therefore, compounds that inhibit these
proteins have potential uses as cancer therapy drugs. The second compound
we helped in its identification [105] is phorbadione, an sesterterpenoid ex-
tracted from a sponge species (Phorbas sp.) native to British Columbia.
Details on how the overall structure was determined can be found in the
reference papers. Because these compounds are chiral, the final step was
determining the correct enantiomer. This was achieved by comparing the
experimental ECD spectra with the theoretical spectra calculated by us. We
now provide the details of the process.

One of the possible conformations of Nahuoic acid is shown in Fig. 4.1,
and one of the possible conformations of phorbadione is shown in Fig. 4.2.
Geometry optimization and the CD spectra were calculated using the Gaus-
sian computational chemistry package [100]. For Nahuoic acid, Structure I
is the conformation shown in Fig. 4.1. Structure II has the chiral centres in
the blue part inverted. Structure III has the chiral centres of the red part
inverted, and Structure IV has all the chiral centres inverted. Evidently, I
and IV are mirror images of each other, as well as II and III. The geome-
try of the four structures was optimized using the hybrid functional B3LYP
[39] with Pople’s 6-31G [106] basis set. The same basis set and functional,
in its time-dependent form, was used to determine the excitation energies
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[107–109] and the dipole length based rotational strengths [110, 111]. The
excitation energies and the rotational strengths were then plotted into an
ECD spectrum using the GaussSum package [112]. A value of 0.6 eV was
used as the Gaussian width in these plots. The results are shown in Fig. 4.3.
Figure 4.4 shows the calculated ECD spectra of structure IV from 200 to
300 nm, which the closest match to the experimental spectra, shown on the
right. Together with other experimental techniques explained in the paper,
we conclude that the absolute configuration of the molecule is the mirror
inverse of that shown in Fig. 4.1.

For phorbadione, Structure I has the absolute configuration shown in
Fig. 4.2. Structure II has the chiral methyl group in the red half pointing
down, and the blue part exactly as shown. Two more structures were con-
sidered, one with the red half as shown and the three chiral hydrogens in
the blue part pointing up (Structure III), and the other with all the four
chiral centres of the molecule inverted (Structure IV). Structures III and
IV are the mirror images of structures II and I, respectively, which gives an
ECD spectrum that is just an inversion over the x-axis. Since the spectra of
structures I and II are closer to experimental results, we will focus on these
two structures. The geometry of the structures was also optimized using
the hybrid functional B3LYP [39] with Pople 6-31G(d) basis set [106]. The
molecule was solvated into dichloromethane using a polarizable continuum
model [113, 114]. The resultant geometries give Structure I an energy 0.396
kJ/mol lower than that of Structure II. The optimized torsion angle between
atoms marked 1-4 in Fig. 1 is 70.4 degrees for structure I and 56.7 degrees
for structure II. The ECD spectrum was calculated using time-dependent
density functional theory with the same functional and basis set as the one
used for the geometry optimization. The ECD spectrum was plotted using
the Gaussum package. A value of 0.6 eV was used as the Gaussian width
in these plots. Figure 4.5 shows the CD spectra for structures I and II.
The closest match to the experimental spectra (Fig. (4.6)) is structure I,
but with the negative peak blue-shifted by approximately 25 nm. Again,
this matches the conclusion extracted from other experimental techniques
explained in the paper, so we conclude that the absolute configuration of
this molecule is the one shown in Fig. 4.2.
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Figure 4.1: One of the four possible conformations of Nahuoic Acid

Figure 4.2: One of the four possible conformations of phorbadione
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Figure 4.3: Calculated ECD spectra for Nahuoic Acid. structure I (top left), II
(top right), III (bottom left) and IV (bottom right). The green bars represent the
length based rotational strenghts in Gaussian units (erg esu cm Gauss−1), with a
scale defined by the right y axis. The red curves represent the ECD spectra (ε), in
units of Liters cm−1 mol−1, with a scale defined by the left y axis. Note that the
spectra of pairs I-IV and II-III is only different by a reflection about the x axis.
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Figure 4.4: Figure 3: Calculated ECD spectra for structure IV of Nahuoic Acid
in the 200 – 300 nm range (left), compared with the experimental spectra (right).
The calculated spectra in this figure was done with a Gaussian width of 0.6 eV.
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Figure 4.5: ECD spectrum for phorbadione, Structures I and II. The y-axis mea-
sures the circular dichroism (epsilon) in units of litre cm−1 mol−1.

Figure 4.6: Experimental Spectra of Phorbadione, Compound II
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Concluding Remarks

We developed a series of methods, collectively referred to as LIST methods,
which reduce the number of iterations needed to reach convergence with
respect to established methods like DIIS and ADIIS. These algorithms are
of the same type as DIIS. The fundamental idea is to build new density and
Fock matrices as a linear combination of previous matrices, and choose the
coefficients in a way that minimize a specific error. The main difference with
respect to older methods is that our error is constructed from intra-iteration
quantities. We use the difference between two density of Fock matrices built
in the same iteration, rather than matrices taken from subsequent iterations.
Our results showed that these methods could help to achieve convergence
in cases where DIIS and ADIIS fail. Furthermore, we proposed a combined
approach, which we called MESA, that combines our LIST methods with
DIIS and chooses dynamically the best method at every iteration. MESA
does involve repeating parts of the SCF cycle for every method; however,
we implemented it in a way that only the computationally cheap sections
are repeated, while the most expensive part, namely the building of the
Fock matrix from the four centre integrals, is just done once per iteration.
The MESA method provides excellent results for some difficult to converge
systems, reducing the number of iterations by as much as 90% in some
cases. Furthermore, the method is relatively easy to implement as it can
be built from the DIIS framework, making it a very viable alternative for a
standard SCF acceleration algorithm in computational quantum chemistry
software. Future research may focus on getting a deeper theoretical under-
standing of this method, mainly as to why our methods work better than
DIIS even though that the latter is supposedly on a stronger theoretical
ground. Another issue with convergence accelerations algorithms in general
(not just ours) is that different methods sometimes converge to different
minima. While finding an absolute minimum is an extremely challenging
problem and probably not a realistic problem to solve, it would be interest-
ing to improve these methods in ways that prevent them from falling into
shallow local minima. Finally, it should be possible to extend these methods
to minimize forces rather than energies, which will extend the usefulness of
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these methods to improve the convergence in geometry optimization as well
as improvements in calculating the forces in ab-initio molecular dynamics
simulations.

In our second project, we developed a series of methods referred to as the
IPOD methods, to determine partial atomic charges of atoms in molecules.
These methods are based on the partition of the wave function, in a similar
vein to Mulliken, Lowdin and natural population analysis. Our methods
have the conceptual simplicity of Mulliken population analysis, but instead
of splitting the covalent contribution of the wave function equally, it is di-
vided by a scheme that weights the ionic contribution of each atom, in an
attempt to reproduce the electronegativity of each atom in this partition.
The result is a charge distribution that, for small basis sets, is very similar
to that of natural population analysis, but can be performed at a fraction
of the cost. Unfortunately, the method does not have the basis set consis-
tency of natural population analysis and is not recommended for use with
larger basis sets. The basis set inconsistencies seem to be inescapable for
any method that assigns the ionic part based merely on the atom in which
a given basis function is centred. Natural population analysis solves this
through a series of orthogonalizations. A more straightforward alternative
that may be interesting to explore in future research is a hybrid method
between wave-function based population analysis methods and space-based
methods (like Bader population analysis). Instead of partitioning the ionic
charge purely based on the atom where the basis set is centred, one could
devise a partition that takes into account the size of the basis set and the
distance from other atoms (so, for example, a diffuse function will be partly
assigned to neighbour atoms to the one in which the basis set is centred). In
summary, we can recommend the IPOD methods to calculate partial charges
that are similar in magnitude to those of natural population analysis, but at
a cost and an ease of implementation similar to those of Mulliken charges.

121



Bibliography

[1] A Szebo and NS Ostlund. Modern Quantum Chemistry. Dover Pub-
lications, 1982.

[2] CJ Xramer. Essencials of Computational Chemistry. Wiley, second
edition, 2004.

[3] W Koch and MC Holthausen. A chemist’s guide to density functional
theory. John Wiley & Sons, 2015.

[4] F Jensen. Introduction to computational chemistry. John wiley & sons,
2017.

[5] E Schrödinger. An undulatory theory of the mechanics of atoms and
molecules. National Research Council Bulletin, 11:1049, 1926.
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Appendix A

Geometries of the Molecules

These are the XYZ coordinates of the molecules used in this thesis, in units
of Angstroms.

3 Benzenes

H -1.484707 1.491983 0.017437
H -0.488887 2.277473 -2.131073
H -0.274621 1.848648 2.161302
C -0.522051 2.000348 0.018003
H 1.740086 3.419414 -2.132564
C 0.044438 2.440531 -1.191217
H 1.954449 2.989925 2.168683
C 0.165023 2.201376 1.225411
C 1.298103 3.079247 -1.192689
C 1.418611 2.839079 1.228341
C 1.986288 3.277644 0.017857
H 2.961591 3.769835 0.016782
H -0.537072 -2.000959 0.104575
H -1.548201 -1.407288 -2.086009
H -1.644252 -1.292375 2.222223
C -1.468563 -1.437042 0.071343
H -3.660635 -0.084287 -2.170646
C -2.035402 -1.095234 -1.160475
H -3.754081 0.036471 2.145040
C -2.089800 -1.029490 1.261386
C -3.220342 -0.350859 -1.207796
C -3.273766 -0.283577 1.218252
C -3.840352 0.057094 -0.016185
H -4.762121 0.641471 -0.051416
H 2.093595 -0.486511 1.965935
H 1.978376 0.529091 -0.300833
H 1.823795 -0.928499 -2.311483
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H 1.743249 -3.405503 -2.057615
H 1.833224 -4.427876 0.207470
H 2.023654 -2.974083 2.225025
C 2.024334 -1.130796 1.085116
C 1.964450 -0.556543 -0.189852
C 1.869544 -1.377601 -1.317583
C 1.822986 -2.767341 -1.175355
C 1.875666 -3.342033 0.096721
C 1.981261 -2.524291 1.229918

Carbon 60

C 0.726656 -1.000157 3.300459
C 1.175755 0.382026 3.300459
C 1.410183 -1.940951 2.581756
C 2.281725 0.741377 2.581756
C 2.281725 1.977639 1.817704
C 0.000000 1.236262 3.300459
C 0.000000 2.399147 2.581756
C 1.175755 2.781173 1.817704
C -0.683527 -2.941108 1.817704
C -1.410183 -1.940951 2.581756
C 0.683527 -2.941108 1.817704
C -0.726656 -1.000157 3.300459
C -1.175755 0.382026 3.300459
C -2.585938 -1.558925 1.817704
C -3.008381 -0.258779 1.817704
C -2.281725 0.741377 2.581756
C 0.726656 -3.399304 -0.581443
C -0.726656 -3.399304 -0.581443
C 1.410183 -3.177213 0.581443
C -1.410183 -3.177213 0.581443
C -2.585938 -2.322977 0.581443
C -1.175755 -2.781173 -1.817704
C -2.281725 -1.977639 -1.817704
C -3.008381 -1.741534 -0.581443
C 3.008381 -1.741534 -0.581443
C 2.281725 -1.977639 -1.817704
C 2.585938 -2.322977 0.581443
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C 1.175755 -2.781173 -1.817704
C 0.000000 -2.399147 -2.581756
C 2.281725 -0.741377 -2.581756
C 1.175755 -0.382026 -3.300459
C 0.000000 -1.236262 -3.300459
C 3.008381 -0.258779 1.817704
C 3.457479 0.359351 0.581443
C 2.585938 -1.558925 1.817704
C 3.457479 -0.359351 -0.581443
C 3.008381 0.258779 -1.817704
C 3.008381 1.741534 0.581443
C 2.585938 2.322977 -0.581443
C 2.585938 1.558925 -1.817704
C -0.726656 1.000157 -3.300459
C 0.726656 1.000157 -3.300459
C 1.410183 1.940951 -2.581756
C -1.410183 1.940951 -2.581756
C -3.008381 0.258779 -1.817704
C -2.281725 -0.741377 -2.581756
C -1.175755 -0.382026 -3.300459
C -2.585938 1.558925 -1.817704
C -3.008381 1.741534 0.581443
C -3.457479 0.359351 0.581443
C -3.457479 -0.359351 -0.581443
C -2.585938 2.322977 -0.581443
C -0.726656 3.399304 0.581443
C -1.175755 2.781173 1.817704
C -2.281725 1.977639 1.817704
C -1.410183 3.177213 -0.581443
C 0.683527 2.941108 -1.817704
C 1.410183 3.177213 -0.581443
C 0.726656 3.399304 0.581443
C -0.683527 2.941108 -1.817704
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Cadmium Complex

Cd 0.000000 0.000000 0.000000
N 0.000000 0.000000 -2.260001
N -0.685444 0.000000 -4.348035
C 0.676053 0.000000 -4.385069
C 1.085240 0.000000 -3.091231
C -1.044752 0.000000 -3.060220
H 1.231530 0.000000 -5.300759
H 2.088641 0.000000 -2.711077
H -2.068750 0.000000 -2.726515
H -1.313170 0.000000 -5.174718

Ru4CO

Ru -0.00424000 -0.00167000 -0.00089000
Ru -0.00417000 -0.00172000 2.70692000
Ru 2.02083000 0.00027000 1.35294000
Ru -0.48144000 -1.80785000 1.35260000
C 2.40859000 1.79357000 1.35312000
O 2.60623000 2.95079000 1.35361000

SiH4

Si -0.66134338 -0.71202370 -1.03286837
H -0.17136020 -2.09795894 -1.03286837
H 0.67201303 1.17357701 2.23311856
H -0.17133490 -0.01906544 -2.23311856
H -2.13134338 -0.71200559 -1.03286837

135



Appendix A. Geometries of the Molecules

Rhodium Complex

Rh -0.12845686 -0.50669949 -0.32565742
Cl 0.85993453 0.31934874 1.50691639
C 0.40567310 0.61910978 -1.91551862
C 0.45772653 -2.42403304 -0.57187094
O 0.73842448 1.32045602 -2.90595314
O 0.82290388 -3.61847369 -0.72525811
C -2.70313185 -1.49572170 0.43377104
C -2.73977653 0.64659354 -0.51213166
C -4.09475529 -1.47860926 0.59947809
H -2.14288411 -2.35281821 0.74426749
C -4.13232300 0.71766768 -0.37025052
H -2.20825888 1.46911080 -0.94323996
C -4.81910023 -0.35812264 0.19256244
H -4.59699810 -2.31746175 1.03419484
H -4.66382341 1.58926655 -0.69075440
N -2.06570388 -0.44533553 -0.11162831
N -6.27948707 -0.31186592 0.35390238
C -6.92303100 -0.85489313 -0.85103441
H -7.98603367 -0.82122325 -0.73359651
H -6.63941363 -0.27024434 -1.70112086
H -6.61207563 -1.86847651 -0.99544870
C -6.70668747 1.08062712 0.55230333
H -7.76969014 1.11429699 0.66974122
H -6.23825755 1.47589182 1.42936618
H -6.42307010 1.66527594 -0.29778310

UF4

U 0.00000000 0.00000000 0.00000000
F 1.14315400 1.14315400 1.14315400
F -1.14315400 -1.14315400 1.14315400
F 1.14315400 -1.14315400 -1.14315400
F -1.14315400 1.14315400 -1.14315400
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UF6

U 0.00000000 0.00000000 0.00000000
F 0.00000000 0.00000000 1.98000000
F 1.98000000 0.00000000 0.00000000
F -1.98000000 -0.00000000 0.00000000
F 0.00000000 -1.98000000 0.00000000
F 0.00000000 -0.00000000 -1.98000000
F 0.00000000 1.98000000 0.00000000

UCl6

U 0.95878138 0.41218637 0.00000000
Cl -1.43121862 0.41218637 0.00000000
Cl 0.95878138 2.80218637 0.00000000
Cl 0.95878138 0.41218637 2.39000000
Cl 3.34878138 0.41218637 0.00000000
Cl 0.95878138 -1.97781363 0.00000000
Cl 0.95878138 0.41218637 -2.39000000

VOCl3

V -0.00019700 0.00013100 0.26658100
Cl 1.37990800 1.50234700 -0.40457500
Cl 0.61185500 -1.94585600 -0.40443500
Cl -1.99124900 0.44319800 -0.40489700
O -0.00052400 0.00028500 1.81313300

VOCl2 − Cl

V -0.00019700 0.00013100 0.26658100
Cl 2.76001483 3.00456499 -1.07573189
Cl 0.61185500 -1.94585600 -0.40443500
Cl -1.99124900 0.44319800 -0.40489700
O -0.00052400 0.00028500 1.81313300
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VCl3 −O

V -0.00019700 0.00013100 0.26658100
Cl 1.37990800 1.50234700 -0.40457500
Cl 0.61185500 -1.94585600 -0.40443500
Cl -1.99124900 0.44319800 -0.40489700
O -0.00085100 0.00043900 3.35968092
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Gold Complex

Au 0.991939 -1.013256 6.087687
N 0.671226 -0.526321 4.067029
Au 1.387933 -1.619200 8.613660
C -0.555388 -0.148486 3.616932
C 1.681804 -0.577717 3.158165
Au -1.113240 -0.959652 8.002939
Au 3.551662 -1.763674 7.076475
C -0.799200 0.178830 2.295071
H -1.346696 -0.123715 4.362730
C 1.503026 -0.266909 1.821998
H 2.653410 -0.874661 3.546413
C 0.236703 0.129690 1.334288
H -1.814620 0.448943 2.011007
H 2.368652 -0.310806 1.163512
C 0.011948 0.467735 -0.077072
C 0.874402 0.017077 -1.100014
C -1.079433 1.261872 -0.491478
C 0.629560 0.357920 -2.422535
H 1.729669 -0.619555 -0.876597
C -1.259607 1.557051 -1.835225
H -1.784097 1.673119 0.230431
N -0.422938 1.118535 -2.804801
H 1.284502 0.027292 -3.228959
H -2.097962 2.162456 -2.180355
Au -0.765534 1.615397 -4.922645
Au -1.186659 2.214533 -7.501957
Au -3.056147 2.893410 -5.586159
Au 1.119984 0.909275 -6.730463
Br -1.580087 2.774299 -9.904465
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Vitamin B12

C -0.33160 -6.46582 -0.86703
C 0.683250 -5.39375 -1.30691
C 0.583720 -4.09773 -0.55870
C 0.619200 -2.68974 1.186780
C 0.298120 -2.80644 -0.97674
C 0.309300 6.400910 -1.16426
C -0.79941 5.349500 -1.36096
C -0.60130 4.084250 -0.58053
C -0.36515 2.754180 1.210670
C -0.40947 2.770140 -0.97944
C -2.82487 -0.07719 -0.33258
C -3.77241 -0.69405 -1.37729
C -3.06679 -0.35715 -2.71519
C -1.61133 -0.23143 -2.30504
C 0.812960 0.036800 -2.74149
C 2.017420 0.137870 -3.65572
C 3.194020 0.367180 -2.69043
C 2.544360 0.343100 -1.32491
C 2.733130 0.450830 1.161160
C 3.566250 0.645140 2.409300
C 2.538470 0.554470 3.551280
C 1.228680 0.278050 2.838800
C -1.20672 -0.18573 2.794520
C -2.55254 -0.48463 3.429700
C -3.52525 -0.39031 2.227310
C -2.61665 -0.73342 1.032880
C -0.48490 -0.15946 -3.18186
C 3.263200 0.489720 -0.13141
C 0.013740 0.098870 3.482410
Co 0.014790 0.005250 0.130320
H -0.20028 -6.75712 0.195330
H 1.717770 -5.79095 -1.20581
H 0.554980 -5.16644 -2.38397
H 1.009490 -4.75528 1.443780
H 0.715210 -2.33385 2.217270
H 0.080040 -2.46098 -1.99074
H -1.78629 5.788800 -1.09431
H -0.87531 5.071830 -2.43112
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H -0.67366 4.837420 1.432030
H -0.30388 2.442870 2.258280
H -0.37380 2.375210 -1.99830
H -0.65769 -0.25294 -4.26261
H 4.346830 0.650380 -0.22127
H -0.00772 0.161940 4.579070
H -1.37444 -6.11567 -0.99823
H -0.20241 -7.38382 -1.47200
H 0.380960 6.742370 -0.11127
H 0.099360 7.295990 -1.78094
H 1.300390 6.005950 -1.46273
H -4.80275 -0.29776 -1.31655
H -3.82151 -1.79409 -1.23886
H -3.21566 -1.11426 -3.51039
H -3.41032 0.614040 -3.13622
H 2.127500 -0.78900 -4.25508
H 1.884880 0.962130 -4.38580
H 3.979820 -0.41360 -2.75970
H 3.711430 1.335940 -2.85289
H 4.356320 -0.13272 2.470660
H 4.099230 1.617670 2.373410
H 2.468050 1.491060 4.142230
H 2.765120 -0.25009 4.279870
H -2.78946 0.207680 4.261770
H -2.52905 -1.50711 3.868990
H -3.90685 0.647000 2.125720
H -4.39687 -1.06436 2.317760
H -2.55850 -1.83791 0.882060
H -3.06665 1.000130 -0.16794
N 0.777120 -3.98489 0.811310
N 0.328950 -1.94647 0.112090
N -0.56514 4.034910 0.806390
N -0.26338 1.960120 0.138500
N -1.50168 -0.14169 -0.99794
N 1.201150 0.165550 -1.41473
N 1.424010 0.235140 1.466430
N -1.28145 -0.26995 1.483840
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Ti2O4

Ti 1.730 0.000 0.000
Ti -1.730 0.000 0.000
O 0.000 1.224 0.000
O 0.000 -1.224 0.000
O 3.850 0.000 0.000
O -3.850 0.000 0.000

MgCl2 TiCl4

Cl 0.047000 -7.52200 3.461000
Cl 0.087000 -9.84100 0.867000
Cl 0.123000 5.616000 0.367000
Cl 0.225000 3.315000 -2.29800
Cl 0.708000 -3.80100 3.139000
Cl 0.819000 -6.07900 0.455000
Cl 0.871000 9.379000 -0.07600
Cl 0.909000 7.032000 -2.63700
Cl 1.533000 -0.20100 2.749000
Cl 1.673000 -2.46100 0.144000
Cl 2.316000 3.402000 2.328000
Cl 2.459000 1.157000 -0.26700
Cl 2.807000 -10.1100 4.557000
Cl 2.888000 -6.17700 5.067000
Cl 3.178000 4.786000 -0.78400
Cl 3.200000 6.935000 1.948000
Cl 3.285000 -7.99600 1.966000
Cl 3.696000 -2.48600 4.805000
Cl 3.988000 -4.61100 2.244000
Cl 4.218000 8.423000 -1.11200
Cl 4.564000 1.342000 4.364000
Cl 4.699000 -1.02900 1.775000
Cl 5.468000 4.985000 3.779000
Cl 5.550000 2.547000 1.406000
Cl 5.992000 -4.59900 6.965000
Cl 6.091000 -0.76900 6.629000
Cl 6.154000 -6.96900 4.297000
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Cl 6.362000 5.625000 0.284000
Cl 6.954000 -3.09800 4.007000
Cl 7.099000 8.317000 2.270000
Cl 7.656000 2.713000 6.083000
Cl 7.723000 0.307000 3.592000
Cl 8.148000 8.796000 -1.36800
Cl 8.665000 4.102000 2.920000
Cl 9.385000 -1.50000 6.687000
Cl -0.60500 -0.27500 -1.89900
Cl -0.74100 1.992000 0.699000
Cl -1.39700 -3.86000 -1.49200
Cl -1.53000 -1.63300 1.111000
Cl -1.85100 9.616000 -3.76300
Cl -1.93600 5.682000 -4.23100
Cl -2.22900 -5.27500 1.625000
Cl -2.26500 -7.39300 -1.12700
Cl -2.33500 7.531000 -1.15200
Cl -2.77000 1.981000 -3.94500
Cl -3.05200 4.143000 -1.40400
Cl -3.25600 -8.92200 1.935000
Cl -3.69200 -1.78700 -3.50500
Cl -3.78300 0.568000 -0.92700
Cl -4.57800 -5.44300 -2.90500
Cl -4.61100 -3.02400 -0.51600
Cl -4.94000 4.026000 -6.10700
Cl -5.20900 6.498000 -3.48200
Cl -5.34800 0.361000 -5.73700
Cl -5.41100 -6.11200 0.598000
Cl -6.06900 2.664000 -3.17900
Cl -6.18800 -8.78700 -1.39400
Cl -6.80600 -0.78400 -2.60600
Cl -6.81700 -3.16700 -5.13300
Cl -7.17600 -9.29700 2.262000
Cl -7.25600 2.625000 -8.45100
Cl -7.62200 6.216000 -8.88700
Cl -7.76000 -4.56800 -1.96800
Cl -8.54000 4.531000 -5.78500
Cl -8.66800 0.962000 -5.55100
Cl -10.5120 4.134000 -8.79100
Mg 0.456000 -0.23500 0.419000
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Mg 1.277000 3.410000 0.032000
Mg 1.386000 -9.39300 2.726000
Mg 1.868000 -5.93700 2.678000
Mg 2.256000 7.241000 -0.25800
Mg 2.694000 -2.42600 2.454000
Mg 3.517000 1.235000 2.039000
Mg 4.120000 -8.12000 4.256000
Mg 4.254000 4.815000 1.486000
Mg 5.009000 -4.74100 4.631000
Mg 5.533000 -0.92900 4.094000
Mg 6.384000 8.127000 -0.13000
Mg 6.714000 2.773000 3.712000
Mg 7.313000 5.994000 2.491000
Mg 7.396000 -2.82900 6.388000
Mg 8.136000 0.447000 5.985000
Mg -0.35400 -3.87800 0.793000
Mg -0.43500 8.910000 -1.92700
Mg -0.93600 5.456000 -1.85800
Mg -1.31800 -7.71500 1.070000
Mg -1.78300 1.949000 -1.61600
Mg -2.61600 -1.68800 -1.20800
Mg -3.17000 7.627000 -3.44900
Mg -3.33100 -5.28000 -0.64300
Mg -4.09400 4.232000 -3.80000
Mg -4.67700 0.505000 -3.25800
Mg -5.44000 -8.61000 0.993000
Mg -5.82700 -3.22000 -2.80100
Mg -6.40200 -6.45900 -1.59800
Mg -6.70500 2.480000 -5.59800
Mg -7.31200 -0.90000 -4.98400
Ti -8.49900 4.423000 -8.02800

Poly-Alanine

C -4.89650 -0.57930 2.59220
C -4.79050 0.56470 1.58380
C -3.46760 1.56900 -0.21940
C -2.15200 1.26200 -0.95240
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C -3.46800 2.94290 0.45510
C 0.27460 0.77750 -0.66260
C 0.19760 -0.41950 -1.62360
C 1.22280 0.53720 0.51460
C -0.57270 -2.77450 -1.88420
C -1.23250 -2.45770 -3.23580
C -1.37430 -3.77590 -1.04930
C -3.17360 -1.35870 -4.34560
C -2.25360 -0.63780 -5.34380
C -4.36210 -0.50160 -3.90350
C -0.62200 1.22300 -5.63060
C 0.37360 0.30040 -6.35170
C 0.06340 2.24470 -4.72010
C 2.02920 -1.53720 -6.05340
C 1.42080 -2.33650 -7.21680
C 2.50010 -2.42690 -4.90050
C -0.50390 -3.74880 -7.92940
C -0.67320 -2.94410 -9.22790
C -1.83820 -4.18960 -7.32270
C -1.47270 -0.79450 -10.20110
C -0.17890 -0.62800 -11.01390
C -2.01300 0.53200 -9.66150
C 2.24080 -0.04700 -10.89260
C 2.62580 -1.27960 -11.72630
C 3.25080 0.26330 -9.78530
C 2.88700 -3.75710 -11.69570
C 2.10070 -3.90240 -13.00830
C 2.60540 -4.88790 -10.70340
C -0.16450 -3.82960 -14.04300
C 0.33390 -2.92480 -15.18110
C -1.58180 -3.48160 -13.58160
C 1.03810 -0.61210 -15.78320
C 2.29550 -1.13160 -16.49830
C 1.27690 0.70230 -15.03630
C 4.57300 -2.08820 -16.17400
C 4.30210 -3.20060 -17.19940
C 5.41590 -2.56270 -14.98790
C 3.10510 -5.34770 -17.60500
C 2.56580 -4.84560 -18.95380
C 2.09810 -6.21450 -16.84540
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C 0.91080 -3.34120 -20.05160
C 1.98590 -2.76440 -20.98630
C -0.10660 -2.29320 -19.59430
C 3.95240 -1.24160 -21.13200
C 4.77770 -2.30330 -21.87620
C 4.78830 -0.41590 -20.15110
C 6.03980 -4.43780 -21.63530
C 5.33090 -5.04830 -22.85470
C 6.29120 -5.45560 -20.52010
C 3.19760 -6.02740 -23.69000
C 3.23090 -5.14410 -24.94750
C 1.78330 -6.23110 -23.14150
C 2.89180 -2.83680 -25.82390
C 4.22120 -2.88420 -26.59390
C 2.59670 -1.45830 -25.22780
C 6.70160 -2.78710 -26.38090
C 6.87270 -4.02960 -27.26940
C 7.71290 -2.73060 -25.23340
C 6.65390 -6.50960 -27.36490
C 5.90070 -6.43770 -28.70280
C 6.12670 -7.61090 -26.44200
C 3.72880 -5.88020 -29.78870
C 4.43060 -5.03520 -30.86390
C 2.38900 -5.28800 -29.34510
C 5.58480 -2.87560 -31.32340
C 6.74380 -3.59310 -32.03350
C 6.04430 -1.66910 -30.50140
C 8.78350 -4.98520 -31.70370
C 8.34080 -5.97430 -32.79370
C 9.47810 -5.66940 -30.52380
C 6.77020 -7.82850 -33.34360
C 6.38440 -7.16800 -34.67680
C 5.59000 -8.52010 -32.65710
C 5.08710 -5.32210 -35.73360
C 6.28470 -4.91950 -36.60880
C 4.27360 -4.12060 -35.24660
C 8.51000 -3.79920 -36.62320
C 9.14250 -4.96340 -37.40220
C 9.45360 -3.19790 -35.57880
C 9.96390 -7.31020 -37.24440
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C 9.19430 -7.71360 -38.51220
C 9.97680 -8.40940 -36.17940
C 9.04270 -9.33980 -40.34860
H -3.04660 -0.19650 0.90050
H -5.82730 -0.46100 3.19080
H -4.92150 -1.55190 2.05170
H -4.01300 -0.56330 3.26890
H -4.29820 1.53990 -0.95960
H -3.27930 3.73800 -0.30050
H -4.45490 3.11810 0.93900
H -2.67240 2.97430 1.23290
H -1.17190 1.15070 0.85950
H 0.63690 1.66300 -1.23140
H 2.24490 0.30660 0.13930
H 1.25920 1.44800 1.15330
H 0.84970 -0.31700 1.12270
H -0.76200 -1.52250 -0.16810
H 0.43580 -3.20410 -2.07680
H -1.51010 -4.72310 -1.61790
H -0.83080 -3.98730 -0.10130
H -2.37060 -3.34300 -0.80700
H -2.76390 -1.48250 -2.25620
H -3.56530 -2.28080 -4.83030
H -4.95960 -0.19300 -4.79040
H -5.00460 -1.08850 -3.20960
H -3.98970 0.40380 -3.37410
H -1.66190 0.66200 -3.85510
H -1.21060 1.77410 -6.39780
H 0.77200 2.86670 -5.31160
H -0.70560 2.90060 -4.25400
H 0.61970 1.71130 -3.91710
H 0.85570 -0.58210 -4.55040
H 2.90410 -0.96660 -6.43780
H 3.25120 -3.16120 -5.26850
H 2.95770 -1.79450 -4.10720
H 1.62860 -2.97100 -4.47230
H -0.18500 -2.84310 -6.02510
H 0.09800 -4.65760 -8.15420
H -2.40680 -4.80200 -8.05780
H -1.64770 -4.79240 -6.40660
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H -2.43520 -3.29140 -7.04780
H -1.49920 -1.38910 -8.15310
H -2.24660 -1.24800 -10.85990
H -2.20050 1.23680 -10.50220
H -2.96340 0.34910 -9.11200
H -1.27040 0.97790 -8.96260
H 0.83280 -0.11060 -9.29210
H 2.18140 0.83280 -11.57170
H 4.26060 0.42340 -10.22500
H 2.93370 1.18090 -9.24090
H 3.28890 -0.58790 -9.06920
H 2.26780 -2.49090 -10.09520
H 3.97420 -3.76050 -11.93420
H 2.84990 -5.87010 -11.16620
H 3.22600 -4.74340 -9.79080
H 1.53010 -4.87050 -10.41690
H 0.34460 -3.52110 -11.99510
H -0.15990 -4.88280 -14.40270
H -2.28910 -3.55250 -14.43800
H -1.89560 -4.18950 -12.78200
H -1.59530 -2.44590 -13.17440
H 0.39630 -1.32600 -13.87890
H 0.24360 -0.44510 -16.54460
H 1.64050 1.48130 -15.74330
H 0.32550 1.04120 -14.56870
H 2.03610 0.54260 -14.23830
H 3.17230 -1.51620 -14.67100
H 5.11760 -1.26300 -16.68520
H 6.38750 -2.96790 -15.34920
H 5.60350 -1.70750 -14.30070
H 4.86530 -3.35700 -14.43600
H 3.09900 -4.16610 -15.82960
H 4.01900 -5.95410 -17.79490
H 1.80360 -7.08950 -17.46710
H 2.55770 -6.57170 -15.89670
H 1.19510 -5.60970 -16.60530
H 1.21590 -3.64120 -17.96230
H 0.36710 -4.14630 -20.59480
H -0.60270 -1.83320 -20.47810
H -0.87330 -2.77760 -18.94910

148



Appendix A. Geometries of the Molecules

H 0.41340 -1.50280 -19.00800
H 2.76300 -1.67560 -19.41580
H 3.50720 -0.55140 -21.88310
H 5.62300 0.08540 -20.69040
H 4.14310 0.35300 -19.67000
H 5.20380 -1.08420 -19.36410
H 5.01890 -3.34720 -20.11320
H 7.02060 -4.02890 -21.96640
H 6.90040 -6.30250 -20.90800
H 6.83340 -4.96190 -19.68290
H 5.31730 -5.84130 -20.14380
H 3.61710 -5.29210 -21.73250
H 3.62210 -7.02340 -23.94800
H 1.13410 -6.68660 -23.92250
H 1.82280 -6.90230 -22.25460
H 1.35990 -5.24880 -22.83410
H 2.68050 -3.51210 -23.81200
H 2.06890 -3.10060 -26.52530
H 2.57690 -0.69120 -26.03400
H 1.61020 -1.48050 -24.71290
H 3.38600 -1.19780 -24.48760
H 5.25230 -2.65440 -24.82190
H 6.83530 -1.88100 -27.01310
H 8.74950 -2.74740 -25.63840
H 7.55840 -1.79620 -24.64880
H 7.56250 -3.60640 -24.56320
H 6.23280 -5.22560 -25.71500
H 7.72800 -6.71110 -27.57590
H 6.19480 -8.59860 -26.95050
H 6.73110 -7.63250 -25.50770
H 5.06520 -7.40010 -26.18210
H 4.21560 -5.77380 -27.71510
H 3.54450 -6.89620 -30.20410
H 1.71160 -5.18020 -30.22160
H 1.91780 -5.95930 -28.59280
H 2.55960 -4.28970 -28.88350
H 4.75200 -3.54250 -29.47670
H 4.86400 -2.52250 -32.09450
H 6.57470 -0.94200 -31.15630
H 5.15950 -1.17590 -30.04040
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H 6.73060 -2.01010 -29.69420
H 7.46640 -4.22630 -30.20780
H 9.49340 -4.25710 -32.15610
H 10.36630 -6.23670 -30.88180
H 9.80160 -4.90030 -29.78730
H 8.76670 -6.36810 -30.02930
H 6.92810 -6.75400 -31.50820
H 7.55730 -8.58990 -33.54270
H 5.15560 -9.29120 -33.33200
H 5.93940 -9.00410 -31.71770
H 4.81160 -7.76470 -32.40770
H 5.25590 -5.77470 -33.65640
H 4.41870 -5.98040 -36.33260
H 3.90590 -3.53200 -36.11660
H 3.40630 -4.47830 -34.64780
H 4.91440 -3.47430 -34.60590
H 7.20030 -4.07720 -34.96320
H 8.23160 -3.00100 -37.34720
H 10.38710 -2.84180 -36.06940
H 8.95100 -2.34300 -35.07360
H 9.70590 -3.97060 -34.81860
H 9.11780 -6.11720 -35.69220
H 10.44310 -9.29640 -38.75020
H 11.01570 -7.08270 -37.52830
H 10.42590 -9.33840 -36.59660
H 10.57380 -8.07000 -35.30350
H 8.93460 -8.61760 -35.84880
H 8.18490 -8.69100 -40.63490
H 9.79510 -9.35240 -41.16870
H 8.68540 -10.37830 -40.16860
N -3.71640 0.55200 0.79250
N -1.05150 1.07620 -0.14070
N -0.41200 -1.54840 -1.11540
N -2.41280 -1.74600 -3.16600
N -1.54070 0.42620 -4.82980
N 1.04960 -0.58930 -5.54180
N 0.21540 -2.95140 -6.94610
N -1.23770 -1.69360 -9.08010
N 0.93220 -0.25110 -10.28750
N 2.55820 -2.48770 -11.06270
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Appendix A. Geometries of the Molecules

N 0.73580 -3.72820 -12.90310
N 0.56410 -1.60920 -14.83390
N 3.31110 -1.56470 -15.67040
N 3.47040 -4.21380 -16.76780
N 1.54170 -3.92380 -18.87570
N 2.87080 -1.88370 -20.39840
N 5.24230 -3.34430 -21.09840
N 4.02140 -5.43150 -22.64770
N 2.91120 -3.81670 -24.74710
N 5.35780 -2.76370 -25.82060
N 6.55210 -5.23230 -26.67330
N 4.59150 -6.00880 -28.62280
N 4.89590 -3.80680 -30.44100
N 7.62820 -4.25290 -31.20460
N 7.31610 -6.82750 -32.43800
N 5.55340 -6.07090 -34.57520
N 7.30060 -4.25500 -35.95250
N 9.37190 -6.11030 -36.66990
N 9.64690 -8.81000 -39.13460
O -5.66860 1.42350 1.54160
O -2.10740 1.19170 -2.18120
O 0.65560 -0.35220 -2.76490
O -0.72390 -2.82450 -4.29580
O -2.17470 -1.00280 -6.51740
O 0.53980 0.36890 -7.57010
O 1.98880 -2.40880 -8.30730
O -0.32150 -3.40480 -10.31460
O -0.15950 -0.82320 -12.22980
O 2.96820 -1.17170 -12.90440
O 2.67160 -4.15730 -14.06940
O 0.50850 -3.36630 -16.31750
O 2.36870 -1.15050 -17.72760
O 4.80410 -3.16850 -18.32350
O 3.03160 -5.25250 -20.01880
O 2.03450 -3.08140 -22.17540
O 4.99650 -2.21010 -23.08460
O 5.91220 -5.17670 -23.93280
O 3.52570 -5.61160 -26.04810
O 4.24540 -3.02130 -27.81760
O 7.27030 -3.93360 -28.43100
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A.1. Organic Compounds Identified by ECD Spectra

O 6.44910 -6.74700 -29.76130
O 4.55720 -5.44740 -32.01760
O 6.85500 -3.56700 -33.25970
O 8.87880 -5.98600 -33.90150
O 6.80070 -7.60580 -35.75000
O 6.31330 -5.18270 -37.81160
O 9.41720 -4.85650 -38.59800
O 8.23030 -7.05800 -38.90930

A.1 Organic Compounds Identified by ECD
Spectra

Nahuoic Acid Structure IV (Correct Configuration)

C 3.75067 -2.75914 -0.62488
C 2.48781 -2.35468 -0.77742
H 3.96826 -3.82653 -0.69274
C 6.27689 0.43614 0.95769
H 5.45118 0.78738 1.59609
C 6.63175 -1.01174 1.31928
H 7.5399 -1.2844 0.76828
H 6.89069 -1.08411 2.38842
C 5.50173 -2.00278 1.01253
H 5.88222 -3.0307 1.12886
C 5.85352 0.532 -0.51526
H 6.68444 0.09754 -1.08673
C 2.07927 -0.89399 -0.67193
H 1.77881 -0.57355 -1.68229
C 3.2483 0.05586 -0.2046
H 3.31756 -0.01842 0.8816
C 4.95907 -1.86923 -0.44343
C 4.62084 -0.3841 -0.81481
H 4.49029 -0.36554 -1.90761
O 7.41728 1.28196 1.13868
H 7.65169 1.25908 2.07936
O 4.41521 -1.80658 1.92945
H 4.76619 -1.93333 2.82474
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A.1. Organic Compounds Identified by ECD Spectra

C 6.03697 -2.43105 -1.41051
H 5.6852 -2.35446 -2.4449
H 6.21867 -3.49218 -1.20217
H 6.998 -1.91497 -1.3436
C 1.38689 -3.33748 -1.09693
H 0.62773 -3.37446 -0.30684
H 1.78695 -4.34693 -1.23731
H 0.85899 -3.04826 -2.01602
C 2.84122 1.44074 -0.62248
H 2.89596 1.6398 -1.69235
C 2.34438 2.44136 0.1291
C 2.16068 2.43075 1.62573
H 2.68615 3.27222 2.09214
H 2.53266 1.50501 2.06968
H 1.10293 2.53544 1.89358
C 1.95618 3.67462 -0.61077
O 2.07634 3.87357 -1.80548
O 1.42463 4.62461 0.21055
H 1.20676 5.37299 -0.37525
C 5.75747 1.98805 -0.99778
H 5.10798 2.59991 -0.3689
H 5.37392 2.03682 -2.02312
H 6.75281 2.43969 -0.9835
C 0.84741 -0.73401 0.22158
C -0.26815 -0.16774 -0.26233
H -0.28083 0.17528 -1.29572
C 0.96789 -1.23941 1.64998
H 1.88729 -1.81376 1.79127
H 0.12312 -1.88304 1.92389
H 0.98268 -0.41454 2.37415
C -1.55138 0.07255 0.4863
H -1.55827 -0.45646 1.44659
H -1.64922 1.14555 0.7171
C -2.80012 -0.32654 -0.31056
H -2.69685 -1.37391 -0.63047
O -2.86027 0.51314 -1.4629
H -3.56045 0.11889 -2.01413
C -4.08134 -0.21044 0.54601
H -4.01441 0.67107 1.19855
H -4.14313 -1.09102 1.1977
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A.1. Organic Compounds Identified by ECD Spectra

C -5.35046 -0.06141 -0.30143
H -5.35111 0.97054 -0.6881
O -5.25631 -0.96616 -1.41012
H -6.1173 -0.9046 -1.86639
C -6.66824 -0.2668 0.49518
H -6.55972 0.31404 1.42169
C -7.83061 0.38604 -0.28723
H -7.49839 1.41425 -0.50898
O -7.94199 -0.33109 -1.53695
H -8.55942 0.15107 -2.10911
C -9.22141 0.5362 0.3812
H -9.78464 1.17433 -0.32194
C -10.03472 -0.75916 0.53093
H -11.08407 -0.51742 0.73677
H -9.67632 -1.38044 1.35681
H -9.99594 -1.35908 -0.38335
C -9.13304 1.30985 1.70458
H -10.1348 1.56119 2.07037
H -8.57513 2.24745 1.59089
H -8.63851 0.71635 2.48248
C -6.89272 -1.74512 0.85709
H -5.96827 -2.19861 1.22675
H -7.21619 -2.32161 -0.01267
H -7.64575 -1.85529 1.64154

Phorbadione I (Correct Configuration

C 3.83893 -2.48602 -0.54359
C 2.61615 -2.19064 -0.99103
H 4.13506 -3.53597 -0.49813
C 6.72221 0.47702 0.97309
H 7.15628 1.11241 1.75994
C 6.8573 -1.00259 1.41442
H 7.78949 -1.40296 0.99456
H 6.98048 -1.04602 2.50496
C 5.68203 -1.93454 1.03435
H 6.08489 -2.94806 0.87603
C 5.26368 0.91121 0.77027
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A.1. Organic Compounds Identified by ECD Spectra

H 5.31985 1.90351 0.30607
C 2.13308 -0.74912 -1.0953
H 2.28382 -0.42137 -2.136
C 2.95961 0.20578 -0.16671
H 2.63794 0.00468 0.85826
C 4.9636 -1.51727 -0.26712
C 4.50282 -0.00997 -0.25901
H 4.79166 0.37485 -1.245
O 7.42322 0.75264 -0.24952
H 8.35887 0.54076 -0.10602
O 4.69354 -2.00597 2.07087
H 5.13073 -2.33907 2.87014
C 5.9618 -1.73576 -1.44532
H 5.44916 -1.55203 -2.39515
H 6.3237 -2.77159 -1.46217
H 6.81316 -1.05625 -1.38099
C 1.68983 -3.27396 -1.49249
H 0.74463 -3.31433 -0.94037
H 2.16867 -4.25673 -1.42812
H 1.42122 -3.0966 -2.54308
C 2.65751 1.6274 -0.56643
H 3.10684 1.93319 -1.51214
C 1.90293 2.56447 0.03823
C 1.14702 2.41458 1.33475
H 1.42198 3.20007 2.04759
H 1.33531 1.44559 1.79979
H 0.06695 2.50675 1.16971
C 1.80265 3.8711 -0.67326
O 2.33628 4.17123 -1.72499
O 1.01262 4.7617 -0.00778
H 1.0216 5.5678 -0.55626
C 4.59664 1.11016 2.14742
H 4.39095 0.16215 2.64746
H 3.66059 1.66291 2.05508
H 5.25381 1.70934 2.79052
C 0.63277 -0.64535 -0.79724
C -0.18091 -0.1577 -1.74657
H 0.3047 0.15567 -2.67333
C 0.19902 -1.14171 0.57011
H -0.70076 -1.75656 0.49145
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A.1. Organic Compounds Identified by ECD Spectra

H -0.02057 -0.31617 1.25787
H 0.98913 -1.74294 1.03268
C -1.67236 0.08828 -1.8103
H -1.82074 1.17132 -1.95082
H -2.05078 -0.37178 -2.73684
C -2.60162 -0.36146 -0.6834
H -2.21601 -0.00716 0.28114
O -2.64824 -1.79003 -0.68079
H -3.17242 -2.0084 0.11307
C -4.01427 0.2439 -0.87304
H -4.27017 0.26892 -1.94119
H -3.99354 1.28296 -0.52201
C -5.10821 -0.55708 -0.15547
H -5.28596 -1.46186 -0.75921
O -4.60033 -0.95488 1.12621
H -5.35248 -1.38009 1.58168
C -6.46194 0.1934 -0.02573
H -6.67122 0.62074 -1.01642
C -7.58037 -0.84053 0.23978
H -7.47536 -1.59971 -0.55352
O -7.27432 -1.467 1.50595
H -7.87491 -2.2194 1.62525
C -9.06569 -0.39866 0.19746
H -9.62481 -1.34962 0.23962
C -9.54701 0.43628 1.39446
H -10.6428 0.4475 1.42382
H -9.2126 1.47601 1.33577
H -9.18461 0.01871 2.33857
C -9.42281 0.26356 -1.14098
H -10.50685 0.39781 -1.22627
H -9.0943 -0.34168 -1.99496
H -8.96122 1.25367 -1.23284
C -6.38631 1.33564 1.00218
H -5.47282 1.92136 0.86312
H -6.3768 0.95113 2.02476
H -7.23051 2.02244 0.90092
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Appendix B

List of Systems used for the
Population analysis
Correlation Plots

The following is a list of system used for the population analysis correlation
plots in Section 3.7.2

Compound Atoms
HF F
LiF F
NaF F
KF F
HCl H
HBr H
HI H
CO C
CH4 H
C6H6 C
BF3 F
HCN H and N
CO2 C
C2H4 C
C2H6 H
HOOH H
H2O H
H2CPH C and P
H2NNH2 H
NH3 N
BF3NH3 F and H
N2O N
CH2CHF H and F
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Appendix B. List of Systems used for the Population analysis Correlation Plots

CH3COF H and O
HNO H and O
HOF H and F
CH3OH H and O
C2H5OH H and O
C3H7OH H and O
C4H9OH H and O
C3H8 H
C4H10 H
C3H4 H
C3H6 H
C4H6 H
Anthracene H
Biphenyl H
Naphtalene H
Phenanthrene H
Pyrene H
PO4H3 P and O
PO5H5 P and O
POC5H15 P, O and C
POCH3 P, O and C
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