
Summary and outlook

Ground state properties of electronic systems can be efficiently calculated within the Kohn-Sham (KS) approach to density functional theory (DFT). Different from traditional quantum chemistry, in which the complicated many-electron wave function is the central quantity, within DFT the ground state expectation values of quantum mechanical observables are rigorously expressed as functionals of the ground state density. With the introduction of an exchange-correlation (xc) energy functional that effectively accounts for all electron correlation, the complicated interacting electron system can be described in terms of an auxiliary non-interacting Kohn-Sham system. The corresponding single particle KS orbitals are very convenient in the interpretation of molecular bonding. Over the years the accuracy of approximations to the unknown xc functional has continued to increase, going from the local density approximation (LDA) to the different generalized gradient approximations (GGAs). Today, DFT is among the most widely used methods in quantum chemistry.

Further improvement upon the current GGAs requires a detailed understanding of the effect of electron correlation and its proper description in DFT. For this one needs exact, or at least very accurate, Kohn-Sham solutions for prototype electron systems that can be used as benchmark. The crucial step in the generation of KS solutions is the simultaneous construction of the KS potential and orbitals from an accurate reference density. Various iterative procedures exist, yet in this thesis we have proposed another method, based on linear response theory, that is very accurate and allows the construction of the KS potential without any built in assumptions about its form. This enabled us to show that the KS potential corresponding to a reference density expressed in terms of Gaussian type orbitals (GTO) exhibits large oscillations that do not represent any physical features and should therefore not be present in any exact KS potential. Still, even in case of GTO reference densities, smooth average potentials can be obtained with the application of the iterative local updating method of van Leeuwen-Baerends. This was shown in a comparison between the potential obtained from this method after limited number of cycles and the accurate potential obtained from our new linear response based method.

The high accuracy of our new linear response method allows us to investigate an interesting defect of the current GGAs that shows up when studying the polarizability of long linear molecular chains. In such cases the LDA as well as current GGAs largely overestimate the polarizability as compared to "ab initio" calculations. A first study in which the local difference between the constructed xc potentials with and without field was considered has attributed this error to a deficiency in the response part of the xc potential. The xc potential should incorporate a linear term counteracting the applied external field. However, these preliminary results deserve a more thorough study, which should also involve molecules that have an intrinsic electric field.

Once accurate KS orbitals have been constructed the total energy of the interacting system, obtained in the calculation of the "ab initio" reference density, can be subdivided into distinct KS energy components such as the kinetic, exchange and correlation energy. This has already been done systematically for atoms, but molecules have rarely been studied in the literature even though they pose a much more interesting and severe test for the current xc approximations. As the current popular GGAs only depend on the local density and its gradient one might for example wonder how they are able to model the very non-local expression for the exchange energy. The same goes for the description of nondynamical correlation between two electrons located on separate atoms in a molecule.

In absence of benchmark KS solutions the exchange and correlation energy is usually taken to be equal to the Hartree-Fock (HF) values. However, we have stressed the difference between the DFT definition of exchange and correlation and the traditional HF based one. Accurate calculations for the diatomic molecules Li2, N2, and F2 have shown that the kinetic, potential and Hartree components of the KS energy differ significantly from their HF counterparts. Only for the equilibrium geometry, our results seem to justify the existing practice to assess the performance of approximate DFT exchange and correlation functionals for molecules by comparing to conventional HF values. As the difference between the DFT and HF correlation energy increases somewhat for elongated bond distances, it is worthwhile to take into account the difference between the DFT and traditional definition of correlation if one tries to develop DFT functionals that can accurately calculate the full molecular potential energy surfaces.

Comparison of the accurate KS solutions for the above mentioned diatomic molecules with some popular xc approximations indicates that the exchange functionals do not only describe exchange but also represent nondynamical correlation. The correlation functionals on the other hand are believed to represent only dynamical correlation. Based on a definition of the xc energy density in terms of "ab initio" wave function quantities, we have been able to compare the local behaviour of the popular GGAs with an accurate one. Of course this is not fully justified since the expression that the energy density takes can always be altered by addition of any function that integrates to zero over the density. Still, our definition complies at least for the major exchange part with the definition behind the popular Becke exchange functional. The comparison of the local behaviour has further supported the idea that the current GGAs effectively model exchange as well as non-dynamical correlation.

An open question in DFT is whether the ground state of every interacting electron system can be expressed in terms of an auxiliary non-interacting Kohn-Sham system. In this respect we have considered two highly correlated electron system for which the configuration interaction is essentially multi-determinantal. Based on accurate KS solutions obtained for C2 and CH2, we have established the need for an ensemble representation of the interacting density in the non-interacting KS system even though the interacting density results from a pure state wave function. The strong correlation between two determinants in the CI expansion can only be captured by means of fractionally occupied KS orbitals, which should be interpreted as the manifestation of the need for an ensemble representation of the density. It was already shown in the literature that the formal derivation of DFT requires an extension to ensemble representable densities. As we have avoided the use of approximate functionals, but instead have generated the KS solutions directly from the correlated "ab initio" density of the interacting electron system, our results prove this not to be an academic possibility. In fact, ensemble representability is called for to handle cases with strong electron correlation, i.e. essentially multi-determinantal character of the interacting ground state wave function.

The elongation of the C-C bond in C2 can be considered as a simple example of a dissociation reaction. The complex electron rearrangement with a -bond forming and a -bond breaking is described in the KS theory by the appearance and transformation of the ensemble solution with an accidental degeneracy. One can expect that such ensembles play an important role in the KS description of chemical reactions, especially of their transition states. In order to study this we have analyzed the symmetry-forbidden four-center exchange reaction H2+H2. The symmetry of this reaction dictates the use of ensembles in the region around the transition state. We have shown that the appreciably overestimation of the reaction barrier for H2+H2 by the standard GGAs can be corrected by using the ensemble energy expression for the exchange energy, leading to much better agreement with the accurate value. Another interesting reaction is the simple collinear hydrogen H+H2 abstraction reaction for which previous studies have found GGAs to underestimate the reaction barrier. In this case we have attributed the too low GGA barriers to the overestimation of the dynamical correlation in the transition state by the GGA correlation functionals. In order to improve the performance of the GGAs for H+H2 without worsening its results for H2+H2, we have proposed to modify the spin-polarization dependence of the GGA correlation energy functional such that it reduces the overestimated Coulomb correlation of the electrons with like spins.

Many more reactions have been noted in literature for bad performance of the current GGAs, especially reactions involving open shell atoms. We have put forward the H+H2 reaction as an example for which the standard solution of using self-interaction correction does not seem to be the proper way in regard of the H2+H2 reaction. However, further research is required to establish the regime for which the self-interaction in the GGA exchange functional is the source of error and when the GGA correlation functional overestimates dynamical correlation.

In the last chapter of this thesis we have turned from studying accurate KS solutions to a first attempt of modelling. Time dependent density functional perturbation theory is rapidly becoming a standard tool for studying excitation energies, frequency-dependent multipole polarizabilities, and frequency-dependent hyperpolarizabilities. The main goal of this last chapter was to further improve the accuracy that can be obtained from such calculations by improving the approximation to the exchange-correlation potential, which is usually the main source of error. Specialized asymptotic potentials have appeared in the literature, resulting in considerable improvement of the calculated molecular response properties upon LDA or GGAs. In the same fashion the statistical average of orbital potentials (SAOP) developed in the last chapter of this thesis has been shown to provide high quality results for a wide variety of response properties calculated for some prototype molecules. It was shown to give a substantial improvement upon the specialized asymptotic van Leeuwen-Baerends potential potentials, let alone LDA or GGA potentials. The average error of the vertical excitation energies calculated with SAOP for the molecules CO, N2 and CH2O are close to the benchmark accuracy of 0.1 eV. Remarkably enough, the reported accuracy of the calculated frequency-dependent quantities was achieved solely by the improvement of the form of the xc-potential. Still the crude local density approximation was applied for the xc-kernels, which describe the response of the xc potential to a small change of the density caused by an external perturbation. For the calculations of molecular electronic spectra as well as for the investigation of various molecular non-linear optical effects, we therefore propose to use the computationally efficient combination of SAOP with adiabatic xc kernels corresponding to the LDA.

In future work, the transferability of these results to other systems and other molecular properties will be investigated. The flexibility of the SAOP approach at least allows for a further fine-tuning of the xc potential from the inner core to the far asymptotics regions.
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